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Preface

The modern theory of analysis and differential equations in general certainly in-
cludes the Fourier transform, Fourier series, integral operators, spectral theory of
differential operators, harmonic analysis and much more. This book combines all
these subjects based on a unified approach that uses modern view on all these
themes. The book consists of four parts: Fourier series and the discrete Fourier
transform, Fourier transform and distributions, Operator theory and integral equa-
tions and Introduction to partial differential equations and it outgrew from the half-
semester courses of the same name given by the author at University of Oulu, Fin-
land during 2005-2015.

Each part forms a self-contained text (although they are linked by a common
approach) and can be read independently. The book is designed to be a modern
introduction to qualitative methods used in harmonic analysis and partial differential
equations (PDESs). It can be noted that a survey of the state of the art for all parts of
this book can be found in a very recent and fundamental work of B. Simon [35].

This book contains about 250 exercises that are an integral part of the text. Each
part contains its own collection of exercises with own numeration. They are not only
an integral part of the book, but also indispensable for the understanding of all parts
whose collection is the content of this book. It can be expected that a careful reader
will complete all these exercises.

This book is intended for graduate level students majoring in pure and applied
mathematics but even an advanced researcher can find here very useful information
which previously could only be detected in scientific articles or monographs.

Each part of the book begins with its own introduction which contains the facts
(mostly) from functional analysis used thereinafter. Some of them are proved while
the others are not.

The first part, Fourier series and the discrete Fourier transform, is devoted to
the classical one-dimensional trigonometric Fourier series with some applications
to PDEs and signal processing. This part provides a self-contained treatment of all
well known results (but not only) at the beginning graduate level. Compared with
some known texts (see [12, 18, 29, 35, 38, 44, 45]) this part uses many function
spaces such as Sobolev, Besov, Nikol’skii and Holder spaces. All these spaces are






manifolds. The central point of this consideration is the Riesz theory of compact
(not necessarily self-adjoint) operators in Hilbert and Banach spaces. In order to
keep this part short, some proofs will not be given, nor will all theorems be proved
in complete generality. For many details of these integral equations we recommend
[22]. We are able to investigate in quite simple manner one-dimensional Volterra in-
tegral equations with weak singularities in L™(a,b) and singular integral equations
in the periodic Holder spaces C*[—a,a]. Concerning approximation methods our
considerations use the general theory of bounded or compact operators in Hilbert
spaces and we follow mostly the monograph of Kress [22].

The fourth part, Introduction to partial differential equations, serves as an in-
troduction to modern methods for classical theory of partial differential equations.
Fourier series and Fourier transform play crucial role here too. An important (and
quite independent) segment of this part is the self-contained theory of quasi-linear
partial differential equations of order one. The main attention in this part is devoted
to elliptic boundary value problems in Sobolev and Holder spaces. In particular, the
unique solvability of direct scattering problem for Helmholtz equation is provided.
We investigate very carefully the mapping and discontinuity properties of double
and single layer potentials with continuous densities. We also refer to similar prop-
erties of double and single layer potentials with densities in Sobolev spaces H'/ 2(8)
and H—1/2 (S), respectively, but will not prove any of these results, referring for their
proofs to monographs [22] and [25]. Here (and elsewhere in the book) S denotes the
boundary of a bounded domain in R” and if the smoothness of S is not specified
explicitly then it is assumed to be such that Sobolev embedding theorem holds.
Compared with well known texts on partial differential equations some direct and
inverse scattering problems for Helmholtz, Schrodinger and magnetic Schrédinger
operators are considered in this part. As it was mentioned earlier this type of mater-
ial could not be found in textbooks. The presentation in many places of this part has
been strongly influenced by the monographs [6, 7, 11] (see also [8, 16, 24, 36, 40]).

In closing we note that this book is not as comprehensive as the fundamental
work of B. Simon [35]. But the book can be considered as a good introduction to
modern theory of analysis and differential equations and might be useful not only
to students and PhD students but also to all researchers who have applications in
mathematical physics and engineering sciences. This book could not have appeared
without the strong participation, both in content and typesetting, of my colleague
Adj. Prof. Markus Harju. Finally, a special thanks to professor David Colton from
University of Delaware (USA) who encouraged the writing of this book and who
has supported the author very much over the years.

Oulu, Finland Valery Serov
June 2017












Part 1
Fourier Series and the Discrete Fourier
Transform







































2 Formulation of Fourier Series 15

Exercise 2.4. Suppose that

Find the Fourier cosine and sine series of f(x).

Exercise 2.5. Find the Fourier series of f(x) = cos(x/2), |x| < m. Using this series,
show that

)k+l
(1) m= 2+Zk2—1/4
T o )k+1
7 2 ’
| =
(3)5:2

Exercise 2.6. Show that if N is odd, then sin™ x can be written as a finite sum of the
form

N
2 ay sinkx,
k=1

which means that this finite sum is the Fourier series of sin™ x and the coefficients
ay (which are real) are the Fourier coefficients of sin® x.

Exercise 2.7. Show that if N is odd, then cos" x can be written as a finite sum of
the form

N
Z ay cos kx.
k=1



Chapter 3
Fourier Coefficients and Their Properties

Definition 3.1. A trigonometric series

)
3 e

N=—o0

is said to

(1) converge pointwise if for each x € [—m, ] the limit

lim Y c,e™

N—soo <N

exists,
(2) converge uniformly in x € [—r, x| if the limit

lim Y c,e™
N—soo
[n|<N

exists uniformly,
(3) converge absolutely if the limit

Al[l_fgo 2 |al

In| <N

exists, or equivalently, if

=

Z |en| < eo.

N=—oc0

These three different types of convergence appear frequently in the sequel, and they
are presented above from the weakest to the strongest. In other words, absolute
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Chapter 5
Fejér Means of Fourier Series. Uniqueness
of the Fourier Series.

Let us denote the partial sum of the Fourier series of f € L'(—r, ) (not necessarily

periodic) by _
Sv(f) = 2, eal(f)e™

In| <N

foreach N =0,1,2,.... The Fejér means are defined by

So(f)+---+Sn(f)

on(f) = Nt1

Writing this out in detail, we see that

N N
N+Don(f)=Y Y alf)eF =3 3 (e

n=0|k|<n |k| <N n=|k|
= Y (N+1—lk]e(f)e™,
k<N

which gives the useful representation

K] ik
on(n)= 3 (1- 357 ) alne 5.
K=V N+1
The Fejér kernel is
KL i
Ky(x):= Y, (1— elkx. (5.2)
K= N+1
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Chapter 7
The Fourier Series of a Square-Integrable
Function. The Riesz—-Fischer Theorem.

The set of square-integrable functions L*(—m, 1) is an inner product space (linear
Euclidean space) equipped with the inner product

(I —
(fag)Lz(—n'Jr) = ﬁ 7nf(x)g(x)d‘x

We can measure the degree of approximation by the (square of) mean square dis-

tance
1

g[ﬂ f(x) —g(@)Pdx = (f — & f — &) 12(_nm)-

In particular, if g(x) = ¥, <y bse"™ is a trigonometric polynomial, then this distance
can be written as

o [ rwPars o [ fePac- 5 2Re [ gt

or

1 T
E/vwm

+— / S bue™ Y bre Fdx— —2Re " ) S bye™dx

T n|<N |k|<N = n|<N

! [ﬂ| (x)|2dx+i S (b " dx—2Re S buca(f)

27'C 2r In|<N -7 In|<N
1
=5 [ WPt 3 P -2Re 3 B+ 3 )P T lal D
T [n|<N |n|<N |n|<N |n|<N
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48 PartI. Fourier Series and the Discrete Fourier Transform

Letting & — 0 yields

=

Y InHe(HP<c

n=—o0

ie., f € Wzk (—m, ). For noninteger o one needs to interpolate between the spaces
ClY[—n, 7] and Cl¥+ [—7, 7).
Now let us consider the second claim. As above, for f € C*[—n, ], we have

1

/
E/ ‘f(k) (X+h) —f(k) (x)|2dx < C|h|2(ocfk)7

-

where k = [o] if o is not an integer and k = or — 1 if o is an integer. By Parseval’s
equality,

Y e (£)Ple =12 < clae®,

n=—oo

or
2 2 1% ca(£)|>(1 — cos(nh)) gc\h|2(a*k).

n=—oo

It suffices to consider 4 > 0. If we integrate the last inequality with respect to 2 > 0
from O to [, then

oo

S Pen(nP (1200 < cptey,
i nl -
It follows that
Y ()P < cre
2<n|I<4
or equivalently,

2 |n|2k12(kia)|cn(f)|2 <C,

2<|njI<4

where the constant C > 0 does not depend on /. Since 2(k — o) < 0, it follows that

Y Pl <c

2/1<|m<4)1
for every [ > 0. Choosing [ = 27/*!, we obtain

S nP*en(f)F<C

2/ <|n|<2i+!1

ie., f € HY(—m, ). This completes the proof. O
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1 1

2 2
2 2 -2
D lem(HI< X > mP¥len(f) > m[
|m|>n J=io  \2/<|m|<2/+! 2/ <|m|<27 ]
2J0~n
1/2
<C Z Z |m|720¢ <C Z 27((171/2)1‘ Scnf(afl/Z)’
J=io \ 27 <|m|<27+1 i=io
2/0 ~n 2/0~n

i.e., we have again that f € C*~'/2[—x, 7t].
For the case [o] = k > 1, o is not an integer, and o — 1/2 is not an integer, we
consider two cases: 0 < {ar} < 1/2and 1/2 < {a} < 1. In the first case we have

> ml ew(H)] <

lm|=n
1/2 1/2
i 2 |m|2k+2{oc}|cm(f)‘2 Z ‘m|7272{a}
J=io \2/<|m|<2i+1 27 <|m|<2/+1
2/0~n

<c i 2-i-ilayil2 < cp-1/2-{e),
J=Jo
2/0~n
This means again that f € C*~1+1/2Ho} [z 7] = C*~1/2[— 7 z]. In the second
case, 1/2 < {a} < 1, we proceed as follows:

> imfem(f)] <
|m|>n
1/2 1/2
ST mPe,np Y e
J=io \2/<|m|<2it1 2/ <|m|<2/+1
2/0~n

<c i 2-(e}-1/2)) < cp—ted+1/2,
J=Jo
210 ~n

This means that f € CKH{@=12[_x 7] = C*~1/2[—x x]. Hence, the theorem is
completely proved. (I

Corollary 8.8. Assume that o« = k+ 1/2 for some integer k > 1. Then
HY (-, ) c CP=12[—n, 7]

SJorevery 1/2 < 3 < c.





































































74 PartI. Fourier Series and the Discrete Fourier Transform

Then

—

-

n

1

‘Xd nlog(1+1/(n+1)) T

‘ (n+1)log(14+n)log(2+n) ~ 2, 4% nlog’n
1

2
n=M42 nlog n

[Ii| <

S

n=.

8

—0 (10.25)

(ST I ST

as M — oo uniformly in x. In the first case, for I, we have, by integration by parts,
that

W

Il )

T n"3= x| T
1] < Enz%zn(w Dlog(1+n) ZM":%H log(1+n)
T UK dr
<3 s o
. ¢ |V/M Ukl gy
N Z|x| (10gt M+2+~/M+2 10g2t>
T
4 log(1/]x]) log(M+2) Ju+2 log*t
T 1 |x|(M +2) |x]
=3 (log(l/|x|) T log1+2) T ogmr2) W +M+2))
T 1 1 1 1
= + + +
4 (log(M+2) log(M+2)  log*(M+2) 1og2(M+2))
< T —0
~ log(M+2)

uniformly in x as M — oo. In the second case,

sin(nx/2)sin((n+ 1)x/2) - 1 k3

< < mn.
sinx/2 ~ |sinx/2| T |x] T g

Then

N log (1+1 1 Nl
|11|STCZ l’lOg(+/(ﬂ+ )) <nz n

(n+1)log(1+n)log(2+n) nlog*n
=[] =[]
s 1
<7 O’ M co
2 nlog®n - -

|

uniformly in x. For I, we have, by integration by parts,

[E—

>M

x|
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Exercise 11.3. (1) Show that

2m1

a=c¢e' 5

—-N/2__N/2 s 2nmn

na a it
(_1) 42% ) (1758 N

1—ae

—_

7 ({dR25,) =

2=

(2) IfasequenceY = {Yk}ivz/ 277\,1/2 is real, then show that

FX)p=FY)N-n.



Chapter 12
Connection Between the Discrete Fourier
Transform and the Fourier Transform.

If a function f(x) is integrable over the whole line, i.e.,

| 1ris <o
then its Fourier transform is defined as

_ L —ix¢
7m/_wf(x)e dx.

Similarly, the inverse Fourier transform of an integrable function g(&) is defined as

Fg(x) )eltedE

g(x :=¢%—n/_ig(5

Theorem 12.1 (Riemann-Lebesgue lemma). For an integrable function f(x), its
Fourier transform F f(§) is continuous, and

lim Zf(§) =

£ koo

Proof. Since e = —1, we have

~

_ ﬂx.’,‘ in 1 = efié
7(6) = ——= [ fe e —— [ iy m/E)e oy

This fact implies that

—2f(& S+ m/) = f(x))e "+ dx.

)= 7o [

(© Springer International Publishing AG 2017 85
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86 PartI. Fourier Series and the Discrete Fourier Transform

Hence

2IiE / Flrt1/€) — f(x)]dx — 0

as |E| — oo, since f is integrable on the whole line. This is a well known property of
integrable functions. Continuity of f(&) follows from the representation

FE+m =78 = 2= [ e e ax
and its consequence

If(5+h)*f(§)l

||e7”‘h—1|dx+ \dx— L+D.

2
\/27r /xh\<6 V21 /|xh\>5

For the first term /; we have the estimate

S
m/\16h|<6 X)fehldx < \/E/;oo |f(x)|dx —0, &—0.

For the second term /I, we have

dx—0
V2717 /\X\>5/\h\

as |h| — 0. If we choose & = |h|'/2, then both I; and I tend to zero as || — 0. This
completes the proof. O

If a function f(x) has integrable derivatives f*)(x) of order k = 0,1,2,...,m, then
we say that f belongs to the Sobolev space W"(R).

Exercise 12.1. Prove that if f € W] (R), then lim,_, 4. f(x) = 0.

Theorem 12.2 (Fourier inversion formula). Suppose that f belongs to W, (R).
Then

at every point x € R.

Proof. First we prove that

[ rwaee= [ _Fe

for every pair of integrable functions f and g. Indeed,
























94 PartI. Fourier Series and the Discrete Fourier Transform

then

2 flx+2mn) = 2 Z f(m (13.2)

n=-—co m__oo

In particular, f, (x) is continuous, and we have the Poisson identity

i fQ2rn) = f :i (13.3)

n=-—co

Proof. Since f € L'(R), we have

/ |fp(x |dx</ i |f(x+27mn)|dx = Z / f(x+2mn)|dx

T p=—oo Nn=—oo
7r+27m 0o
Z / (t)|dt = / |£(£)|dt < oo.
N=—oo 7t+27'm oo

This shows that f, is finite almost everywhere and integrable on [—7, 7]. Applying
the same calculation to f;,(x)e™* allows us to integrate term by term to obtain

cm(fp) = o / fp(x)e ™ dx = 2 / f(x+2mn)e ™ dx

nffoo

7r+27rn

71m(t727'm)
z 21 / @

N=—oo n+27‘m

n+2mn

_ Z 1 /
V2r oo V2T J—m427n”

_ \/%% | /:c Flr)e—mdr = \/%y Flm).

Now, if the series

f(t)e ™ dr

> |7 fm)|

m=—oo

converges, then that convergence is equivalent to the fact that

S [en(fy)] <.

m=—oo

Thus, f,(x) can be represented by its Fourier series at least almost everywhere (and
we can redefine f;,(x) so that this representation holds pointwise), i.e.,

=

fp(x): Z Cm(fp)eimx~

m=—oo



















































14 Applications to Solving Some Model Equations 111

with arbitrary constants c,,. To satisfy the initial condition we have

2m-1)r
ZCmSIIl mL) , 0<x<L.

m=1

This is a Fourier sine series but in some specific form. We show that the coefficients
¢, can be calculated as

2 L 2m—1
Cm:i/o f(x)Sinwd)@

and such a representation is possible.

In order to prove this, let us first extend f(x) to the interval 0 < x < 2L so that
it is symmetric about x = L, i.e., f(2L —x) = f(x) for 0 < x < L. We then extend
the resulting function to the interval (—2L,0) as an odd function and elsewhere as a
periodic function fof period 4L. In this procedure we need to define

F(0) = f(2L) = f(-2L) =0.
Then the Fourier series contains only sines:
- . nmx
x) = r; Cnsin —,
with the Fourier coefficients

2L
om L [ o

Let us show that ¢,, = 0 for even n = 2m. Indeed,

1 2L
=7 / Flo)sin 2 dx

2L
L/ flx —derL/ f2L— x)sm—dx
MTTX I . mmu(2L—y)
L/ f(x)sin —dx—i A f(y)sdey
1 /0
_i/ f(x)s'an’”derz F()sin ™ ydy 0,
which is why
> (2m—1)mx
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where

2L _1) dx
C2M1_L/ 2L

(2m— 1)71:de

2L
L/f s1n ) dx+L/ S(2L—x)sin T

_ . - )nrx
= Z/O f(x)sdex,

as claimed. Let us remark that the series

—1
Z Cm sm T )X

represents f(x) on (0,L].
Remark 14.5. For the boundary conditions
ue(0,1) = u(L,1) = 0

the function f(x) must be extended to the interval 0 < x < 2L as f(x) = —f(2L—x)
with f(L) = 0. Furthermore, f is an even extension to the interval (—2L,0). Then
the corresponding Fourier series represents f(x) on the interval [0,L).

Exercise 14.3. (1) Let u(x,?) satisfy

Upy = Uy, O0<x<1,t>0,
u(0,t) =u(1,t) =0, t>0,
u(x,0) = f(x), 0<x<l,

where f € C[0, 1]. Show that for every T > 0 we have

1 1
2 2
/0 (e, T)[Pdx < /0 () P,

Hint: Use the identity 2u(u; — ) = dyu? — O (u- 1) + 2 (1),
(2) Use Fourier’s method to solve

Uxx = Uz, 0<x<1,t>0,
u(0,2) = u(1,1),u,(0,2) = u,(1,¢) t>0,
u(x,0) = f(x), 0<x<1,

where f € C[0, 1] with piecewise continuous derivative.
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is called a natural mode of vibration and is periodic in both the space variable x

and time variable ¢. The spatial period 2}—1L in x is called the wavelength, while the

numbers ¢ are called the natural frequencies.

Exercise 14.4. Find a solution of the problem

um:un,o <x < 1,t > 07
u(0,1) = u(1,t) = 0,1 > 0,
u(x,0) = x(1 —x),u/(x,0) = sin(77mx),

using the method of separation of variables.

If we compare the two series

- . N7x nrat . _nmat
u(x,t) = Z sin — (an cos —— + by sin ) ,
=L L L

- . NTX _(nra)?
I/t(xat) = chsmTe (nL ) !

n=1

for the wave and heat equations, we see that the second series has an exponential
factor that decays rapidly with n for every ¢ > 0. This guarantees convergence of the
series as well as the smoothness of the sum. This is no longer true for the first series,
because it contains only oscillatory terms that do not decay with increasing . This
means that the solution of the heat equation is a C* function in the corresponding
domain, but the solution of the wave equation is not necessarily smooth.

The boundary value problem for the wave equation with free ends of the string
can be formulated as follows:

@i = uy,0 <x <Lt >0,
ux(oat) = ”x(Lat) =0, >0,
u(x,0) = f(x),u(x,0) = g(x),0 <x < L.

Let us first note that the boundary conditions imply that f(x) and g(x) must satisfy
f0)=f(L)=¢'(0)=g(L)=0.

The method of separation of variables gives that the eigenvalues are

nmw\ 2
/ln:(f), n=0,1,2,...,

and the formal solution u(x,?) is

bot - T Tat Tat
u(x,t) = 0 ;_aoJrE’cosu (ancos%+bnsinn; )

n=1
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The initial conditions are satisfied when

f(x):%—kZancosnLﬂ
n=1
and () bOJrib nwa  nmx
X) = — —— COS —— |
8 2 T ATy L
where
7 (L
an:i/o f(x)cosn—zxdx, n=0,1,2,...,
2 /L
by = — dx
0=7 | stoax,
and 5 .
nmx
b, = — —dx =1,2,....
v= o [Ceweos e n=1.2

Exercise 14.5. (1) Show that there is no uniqueness for the problem

Uxx = Uz, 0<x<L,t>0,
M(O,I):M(L,[),ux(o,t):ux(L,l), t>0,
u(x,O):f(x),ut(x70):g(x), 0<x<L,

i.e., this problem is ill posed.
(2) Find a solution of the problem

Uy = Uy, 0<x<L,t>0,
uy(0,7) =u(L,t) =0, t>0,
u(x,0) = f(x),u(x,0) = g(x), 0<x<L.
Let us consider the wave equation on the whole line. It corresponds, so to speak,

to an infinite string. In that case we no longer have the boundary conditions, but we
have the initial conditions

{azuxx:un,—oo<x<r>o7t>0, (14.34)

u(x,0) = f(x),u(x,0) = g(x).
Proposition 14.6. The solution u(x,t) of the wave equation is of the form
ulx,t) =@(x—at)+yx+at),

where @ and y are two arbitrary C? functions of one variable.
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We can also apply d’Alembert’s formula to the finite string. Consider again the
boundary value problem with homogeneous boundary conditions with fixed ends of
the string:

@i =1y, 0 <x < L,t >0,

u(0,¢) = u(L,t) =0, >0,
Lt(, ): ()?ut x,0)=g(x,0§x§L,
f(0) = f(L) = g(0) = g(L) = 0.

and k(x) is 2L-periodic. Let us also assume that f and g are C? functions on the inter-
val [0,L]. Then the solution to the boundary value problem is given by d’ Alembert’s

formula
xX+at

(h(x— at)—&-h(x—l—at))—i—zla/x k(s)ds.

—at

u(x,t) =

| =

Remark 14.8. It can be checked that this solution is equivalent to the solution given
by the Fourier series.

Exercise 14.8. Prove that

x+at

) = ;<f<x a4 fxran)+o [ gl

—at
x+a — ‘r
/ / F(s,7)dsdt

azuxx:M11+F(x,t)7 —o<><_x<oo7l‘>07
u(x,0) = f(x),ur(x,0) = g(x), —o0<x<oo.

solves

Example 14.9. (Linearized system of the equation of gas dynamics) The isen-
tropic (the entropy is assumed to be constant) flow of an inviscid gas in the one-
dimensional case satisfies the nonlinear equations
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2
c
ut—l—u-ux—i—;psz,

prtu-pi+pu, =0, —oco<x<oot>0,

where u(x,7) is the velocity of the gas at x and time 7, p(x,#) is the density, and
¢ = c¢(p) is the known local speed of sound.

As a first step in understanding the general nature of solutions to this system we
assume that u(x,7) and p(x,#) are not very different from their values at time t = 0
and that these values and their derivatives are “‘small.” Neglecting products of terms
of “small” order, we arrive at the linear system (which is the linearization of the
original system)

2
C, C =
us + Opx — O, Oszx plla
0 SO g
—Uyy = U,
pi + potty = 0, o = ity

where py is the density of the fluid at rest and co = c(po). This is just a wave equation
for p and u. Thus we have that

u(x,t) = \/% (f (x—cor) + g(x +cot))

p(x,1) = v/po (f (x = o) — g(x+cor)),

where f and g are arbitrary C> functions, and they are the same here due to the
linearized system. If in addition

u(x,O) =0 (x)’ p(x70) = (Pz(X)7

then
u(x,t) = %(wl(x—cof)+¢1(x+cot))+ 2% (@2(x = cot) = @2 (x+cot)),
p(x,1) = é(@z(X*Cot)+<P2(X+Cot))+ 2%00 (@1 (x—cot) — @1 (x+cot)) .

14.3 The Laplace Equation in a Rectangle and in a Disk

One of the most important of all partial differential equations in applied mathematics
is the Laplace equation:

Uy +uy, =0 2D equation,
Ty anan (14.36)
Uy + Uy, +uz; =0 3D equation.
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Chapter 15
Introduction

In this part we assume that the reader is familiar with the following concepts:

(1) Metric spaces and their completeness.

(2) The Lebesgue integral in a bounded domain £2 C R"” and in R".

(3) The Banach spaces (L?, 1 < p < oo, Ck) and Hilbert spaces (L2): If1<p<eo,
then we set

1/p
LP(2) :={f: Q — Cmeasurable : || f|;» o) := </Q |f(x)|”dx> < oo},
while

L7(Q) :={f : 2 — Cmeasurable : || f|| ;= ) := esssup|f(x)| < oo}
xeQ

Moreover,

Q)= {f:Q = C:|fllcxg) = max Y, [0“f(x)| <o},

xX€Q |or| <k
where ( is the closure of £. We say that f € C*(Q) if f € C*(Q) forallk € N

and for all bounded subsets ; C €. The space C*(£2) is not a normed space.
The inner product in L2(€2) is denoted by

(.9 = [ F)0x.
Also in L?(2), the duality pairing is given by
(8 = [ F@ea
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(4) Holder’s inequality: Let | < p < oo,y € LP,andv € LP with
1 1
p D

Then uv € L' and

Awawwwxs(Awavm);(lewﬂhQ

where the Holder conjugate exponent p’ of p is obtained via

P
9

with the understanding that p’ = if p=1and p’ = 1if p = oo,

(5) Lebesgue’s dominated convergence theorem:
Let A C R" be measurable and let { f;};_, be a sequence of measurable func-
tions converging to f(x) pointwise in A. If there exists a function g € L' (A) such
that [ fi(x)| < g(x) in A, then f € L'(A) and

lim [ fidr= [ fa.

(6) Fubini’s theorem on the interchange of the order of integration:

nyf(x’y)dXdy/)(dJC(/IVf(x,y)dy) :/ydy (/Xf(x,y)dx>

if fe (X xY).
(7) The divergence theorem: Let £ C R" be a bounded domain with C ! boundary
9Q, and let F be a C! vector-valued function on Q. Then

/ div F (x)dx = v.Fdo(x),
Q 0Q

where V is the outward normal vector to 02.



Chapter 16
The Fourier Transform in Schwartz Space

Consider the Euclidean space R", n > 1, with x = (x1,...,x,) € R" and with |x| =

\/x3+ -+ +x2 and scalar product (x,y) = >/i_1Xjy;. The open ball of radius § > 0

centered at x € R" is denoted by
Us(x):={yeR": |x—y| < }.
Recall the Cauchy—Bunyakovsky—Schwarz inequality

|Ge, ) < [l Iyl

Following Laurent Schwartz, we call an n-tuple o = (0i1,..., &), 0 € NU{0} = Ny
an n-dimensional multi-index. Define

lal=o0+ 4oy, al=ao!--op!

and

o oy,

X =xx 00=1, 0l=1.

n o
Moreover, multi-indices & and 8 can be ordered according to
a<pP

if aj < B forall j=1,2,...,n. Let us also introduce a shorthand notation

9% =99, 9= ——.
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Proof. Let {fi}7_,, fc €S, be a Cauchy sequence, that is, for every € > 0 there
exists no(e) € N such that

p(fisfm) <& k,m>ng(e).

It follows that
sup| 0P (fi— fu)| < &
xekK
for every B > 0 and for every compact set K in R". This means that {f;}7 | is a

Cauchy sequence in the Banach space CW(K ). Hence there exists a function f €
C'BI(K) such that

|BI
lim f;, <=5

k—soo

Thus we may conclude that our function f is in C*°(R"). It remains only to prove
that f € S. It is clear that

sup|x*9P f| < sup |x*9P (fi — )| +sup|x“d” fi|
xekK xekK

xekK

< Co(K)sup |9P (fi — f)| + sup|x*aP fi.
xek xekK
Taking k — eo, we obtain

sup [x*9P f| < limsup| fi o p< oo
xek k—soo ’

The last inequality is valid, since {f;};; is a Cauchy sequence, so that |fi|, g
is bounded. The last inequality doesn’t depend on K, and we may conclude that
|fla,p < oo 0r fES. O

Definition 16.4. We say that f; > f as k — oo if

|fi —f ‘a,ﬁ‘)Oa k — oo

for all o, 8 > 0.

Exercise 16.2. Prove that W = §, that is, for every f € S there exists { fi }7_;,
fe € C3(RM), such that fi > £,k — oo,

Now we are in position to define the Fourier transform in S(R").

o~

Definition 16.5. The Fourier transform % f(&) or f(&) of the function f(x) € S is
defined by

FHE=F&) = m) 2 [ e g R
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If R — oo, then

/ ¥ - @R
0

Hence

oo

oo . 2
/ e—%(’“?f)zdt:/ e 7dt, j=1,...,n.

Using Fubini’s theorem and polar coordinates, we can evaluate the last integral as

roo 2 2 2T oo 2
( / e2dt) - / e 2P+ grds — / a6 / e rdr
—oo R2 0 0

= 27r/ e "dm =2m.
0

Thus oo
/ e 2018 g = \/oxr
and
- 8o~ 3EP TT /a7 = o~ 3I6P
Flem 7)(&)=(2n) ze 2 [[v2an=e 25",
j=1
This completes the proof. O

Exercise 16.3. Let P(D) be a differential operator,

P(D)= Y auD?

o[ <m

~

with constant coefficients. Prove that @ =P(&)u.

Definition 16.8. We adopt the following notation for translation and dilation of a
function:

(0f) (@) = fx—=h), (0uf)(x) = f(Ax), A #O.
Exercise 16.4. Let f € S(R"), h € R"”, and A € R, A # 0. Prove that
() 0.f(§) =401 F(§) and 62 7(§) =|A| 01 F(£):

@ (€)= MO F(E) and ,7(E) = ().

Exercise 16.5. Let A be a real-valued n x n matrix such that A~! exists. Define
fa(x) := f(A~'x). Prove that

fa&) = (Nal®)

if and only if A is an orthogonal matrix (a rotation), that is, AT = A1,
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Let us now consider f and g from S(R"). Then

R

1o = [ F@Eas = en 2 [ @ ([ e o) ag
=m0 ( [, STz ) ax= (7.5,

where F*g(x) := Fg(—x).

Remark 16.9. Here .7* is the adjoint operator (in the sense of L?), which maps S

into S since .% : S — S. The inverse Fourier transform . % ! is defined as .# ! :=

T

In order to justify this definition we will prove the following theorem.

Theorem 16.10 (Fourier inversion formula). Let f be a function from S(R"). Then
FrFf=f.

To this end we will prove first the following (somewhat technical) lemma.

Lemma 16.11. Let fy(x) be a function from L'(R") with [gu fo(x)dx = 1 and let
f(x) be a function from L= (R") that is continuous at {0}. Then

lim [ & () F(x)de= £(0).

g—0+ JRn

Proof. Since

Len (%) roae—r = [ e (3) (70010,

we may assume without loss of generality that f(0) = 0. Since f is continuous at
{0}, there exists & > 0 for every n > 0 such that

T
PO <17l

whenever |x| < §. Note that

[ ) < il
Rn

We may therefore conclude that
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means that

[ 7@s@E = [ f0Fstde= [ )7 @a

This implies that

[ @@= [ ez

or
(Zf,8) 2wn) =7 8) 12mn)-
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for f € L' and f > 0. Hence || Fex|| 1 1~ = (2m) /2. 0

Proof (Alternative proof). If f € L'(R"), then we can define the Fourier transform
F f(&) directly by

FIE) = m) "2 [ D podr,

n

/nei(x,é)f(x)dx‘ < /R” |f ()| doe = || f[ 1 -

since

Also we have

@m)"2 | fi&+n) —f(é)HLN — sup

(Rn} EGR”

<2 |f()ldx /‘Hm F()|dx = 1y + Do

\|7

/ &89 (=) 1) £(x)dx
Rn

Here we have used the fact that [e¥ — 1| < |y| for y € R with [y| < 1. It is easily seen
that I; — O for || — 0 and I, — O for € — 0, since f € L' (R").

This means that the Fourier transform f(é) is continuous (even uniformly con-
tinuous) on R”. Moreover, we have

2(8) = ()2 [ 0 (1) s (w4 2 ) Y

This equality follows from

F&)=—m 2 [ e i) pxas

and Exercise 16.4. Thus,

—0
L! (R™)

27(§)| < (2m) ™"

= (x+ )

for || — oo. O

Theorem 17.5 (Plancherel). Let % : S — S be the Fourier transform in S with
|-Z fll;2 = || fll;2- Then there exists a unique extension Fey of F to L*-space such

that Fey - L2 ™% L2 and || Z oy | 122 = 1. Also Parseval’s equality remains valid.
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—72 72
Proof. We know that § = L?, since Cy L 12, Thus for every f € L?>(R") there exists
{fikio C S(R") such that || fy — f|2(gny — O as k — . By Parseval’s equality in
S we get
17 fi—= Z fill iz = i = fill iz = 0, kil — oo

2
Thus {Z fi}7_, is a Cauchy sequence in L?(R"), and therefore, .7 f; 5 g, where
g € L?. Therefore, we may put Ze, f := g. Also we have Parseval’s equality

[Fex fll2 = lim [LZ fiell 2 = Tim [ fiell 2 = [1£1] 2
k—s o0 k—sc0

which proves the statement about the operator norm. O

Remark 17.6. In L?-space we also have the Fourier inversion formula .7}, Zex f =

f’ Orye;]yexf:f.
Exercise 17.3. Prove that if f € L?>(R"), then
2
M yexf(g) = RETwyfR(g)’ where fg(x) = X{x:|x|<R} (x)f(x)
(2) yexf(é) L:z lilg)‘lﬁ_ﬁ(e*g‘x‘f).

Exercise 17.4. Let us assume that f € L' (R") and .7 f(&) € L' (R"). Prove that

Fx) =@y [ 097 f(E)E = F 7 Ff ().

n

This means that the Fourier inversion formula is valid.

Exercise 17.5. Let f; and f; belong to L?(IR"). Prove that

(f1,2)12 = (F [i,.7 f2)2-

Theorem 17.7 (Riesz-Thorin interpolation theorem). Let T be a linear contin-
uous map from LP1(R") to L1 (R") with norm estimate My and from LP2(R") to
L2 (R") with norm estimate My. Then T is a linear continuous map from LP (R") to
L1(R™) with p and q such that

I -6 1 -
1_6 ., 1=6 1_0 1-6 1 g

b )

P m o, 9 a1 @

with norm estimate M19M21_9.

Proof. Let F and G be two functions with the following properties:

(1) F,G =0,
@) [Fllzr =Gl =1.
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Let us consider now the function @(z) of a complex variable z € C given by

L/Jrlz
1

)= MMy [ T(RFRTR ) (g6 (v,
where % + qi, =1, é + qi, =1, |fo] <1, and |go| < 1. The two functions fj and g
1 2
will be selected later. We assume also that 0 < Re(z) < 1.
Our aim is to prove the inequality
07,71-0
(T .82l <MY | f o gl

where

1 6 1-06 1 6 1-06 1 1

— =4 —-_= — 4+ R 7+—/:1.

p P24 @t @ g q
. . . . 24 l-z 541 .
Since T is a linear continuous map and F71 * 2, G % are holomorphic func-
tions with respect to z (consider a* = esloga g > 0), we may conclude that ®(z) is a
holomorphic function also.

(1) Let us assume now that Re(z) = 0, i.e., z = iy. Then we have

s iy | I-iy
1-iy - .

. . iy, Iy )
<D(iy) :lelyM271+l)’<T(fOFpl + 2 ),gqul 9 >L2'

Since |a*| = 1 for a,x € R, a > 0, it follows from Holder’s inequality and the
assumptions on 7' that

iy  1-iy

2G4

1—iy

dy.
foF 717

@(iy)| < My 'M,

/
LP2 L2

1

1 i,

7
g0|G " 4 <|IFI3 1G] 3 =1
L2

1
_ H|fom

LP2

(2) Let us assume now that Re(z) = 1, i.e., z = 1 +1iy. Then we have similarly that

1+iy | —iy lti»" ;,W
|D(1+iy)| < MMy || foF 7 72 gGh L
LP1 LN
1 L =4
S dh \|gqu1 L < IFIT Gl =1
L7

If we apply now the Phragmén—Lindeldf theorem for the domain 0 < Re(z) < 1, we
obtain that |®(z)| < I for every z such that 0 < Re(z) < 1. Then |®(0)| < 1 also for
0 < 6 < 1. But this is equivalent to the estimate
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(1) L(p) = V2rf()e 75(ps).

(2) Apply the Fourier inversion formula to prove the Mellin formula

1 P1+i°°L rig
= — > .



Chapter 18
Tempered Distributions

In this chapter we will consider two types of distributions: Schwartz distributions
and tempered distributions. To that end we consider the space Z := C;’ (R") of test
functions. It is clear that Z is a linear space and & C S. A notion of convergence is
given in the following definition.

Definition 18.1. A sequence {¢y};", is a null sequence in 7 if
(1) there exists a compact set K C R” such that supp ¢y C K for every k and
(2) for every v > 0 we have

sup [D¥ @i (x)[ = 0, k — o,
xekK

G G G
We denote this fact by ¢ Z.0. As usual, @y 2 ¢ € 2 means that @ — @ Z0.
Now we are in a position to define the Schwartz distribution space.

Definition 18.2. A functional T : 2 — C is a Schwartz distribution if it is linear
and continuous, that is,

(1) T(oupr+oe) =0o1T(¢))+ T (@) forevery @1, ¢, € 2 and o, 00 € C
(2) for every null sequence ¢ in Z, one has T (@) — 01in C as k — oo,

The linear space of Schwartz distributions is denoted by 2’. The action of T on @
is denoted by T(¢) = (T, @).

Example 18.3. Every locally integrable function f, that is, f € L}OC(R"), defines a
Schwartz distribution by the formula

(Tr.0)i= [ F0p0ds
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It is clear that Ty is a linear map. It remains only to prove that 7y is a continuous
map on 7. Let {¢};"_, be a null sequence in 2. Then

(77 00| < supl@u ()] [ 1F(0)ldx =0, koo
xeK K

by the definition of null sequence.

Example 18.4. 1f (T, @) := ¢(0), then T € &'. Indeed, T is linear, and if ¢ 20,
then (7, @) = @ (0) — 0 for k — oo. This distribution is called the §-function and
is denoted by 4, i.e.,

(6,0)=0(0), 9c2.
Remark 18.5. A distribution T is regular if it can be written in the form
T.9)= [ fx)oar

for some locally integrable function f. All other distributions are singular.
Exercise 18.1. Prove that § is a singular distribution.

Definition 18.6. The functional 7 defined by

= o)
e—0+J|x|>e x
on 2(R) is called the principal value of % We denote it by T =p.v. %
Remark 18.7. Note that 1 ¢ L\ (R), but we have the following result.

Exercise 18.2. Prove that

pvf /(p )dx pv/ wdx.

X

Example 18.8. Let o be a hypersurface of dimension n — 1 in R” and let do stand
for an element of surface area on o. Consider the functional

(T.9)= [ alx)p(x)do

on 2, where a(x) is a locally integrable function on 6. We can interpret 7' in terms
of surface source. Indeed,

([ at@)s(x—&)dog. ) = [ a(&)(3x—8).00)do; = [ a(@)p(E)do.
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1\’ 1
p-v.— | =—p.V. 3,
X X

Exercise 18.3. Prove that

where p.v. X% is defined as

(p.v. iz,q;) = lim o) —9(0),

e—0+Jjx|>e x?

The following characterization of 2’ is given without proof: T € 2’ if and only if
for every compact K C R” there exists n9(K) € Ny such that

(T, )| <Co Y, sup|D%g|

or|<ng*EK

for every ¢ € 2 with supp¢p C K.
Definition 18.13. A functional T : S — C is a tempered distribution if

(1) T is linear, ie., (T,o0 + By) = (T, ) + B(T,y) for all o, € C and

o, ye S
(2) T is continuous on S, i.e., there exist ny € Ny and a constant ¢ > 0 such that

(T.o)[<co X 10lop

lecl,|Bl<ng

for every ¢ € S.

The space of tempered distributions is denoted by §'. In addition, for 7;,T € S’ the
convergence T 5, T means that Ty, 0) £ (T, @) forall p €.

Remark 18.14. Since 2 C S, the space of tempered distributions is narrower than
the space of Schwartz distributions, §' C 2’. Later we will consider the even nar-

rower distribution space &”’, which consists of continuous linear functionals on the
(widest test function) space & := C=(R"). In short, ¥ C S C & implies that

s'csca.
It turns out that members of &’ have compact support, and they are therefore called
distributions with compact support. But more on that later.

Example 18.15. Let us consider R!.

(1) Itis clear that f(x) = el " is a Schwartz distribution but not a tempered distrib-
ution, because part (2) of the previous definition is not satisfied.

2) If f(x)= %n‘, aix* is a polynomial, then f(x) € §, since
k=0
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o m
(1.0 =| [ 3 o
JRi=0
N 5 5
< ZlakI/R(lJrIXI)_l_ (1+[x) 0l ()|
k=0

m
<CY lalle
k=0

oksirs [ (1)1 a

so condition (2) is satisfied, e.g., for 6 = 1, np = m+ 2. This polynomial is a
regular distribution, since (77, @) = [ f(x)@(x)dx is well defined.

Definition 18.16. Let T be a distribution from 2’. Then the support of T is defined
by
suppT :=R"\ A,

where A = {x € R" : (T, ¢) = Ofor all ¢ € C™ withsupp ¢ C Us(x)}.
Exercise 18.4. Prove that

(1) if f is continuous, then supp Ty = supp f;
(2) supp(d*T) C suppT;
(3) suppé = {0}.

Example 18.17. (1) The weighted Lebesgue spaces are defined as

LB = {7 € LB Il = ([ 1+ WPl <)
for 1 < p < eoand

Lg(R") :=A{f € Lige(R") : || f| .z :=ess HiuP(l + )1 f (x)] < oo}
X€E n
If f € L' 5(R") for some § > 0, then Ty € §'. In fact,
(17001 = [ o0 <11, ol

This means that [, f@dx is well defined in this case and

(Ty, @) = /Rnfwdx.
(2) If feLP,1< p<eo,then f €S Indeed,

LP(R") C L' 4(R") for 5>§,
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3)
L i—s—n'S’ and =p.v i—7r15"
(x+1i0)2 —PhVaTH (x—10)2 —PVa ’
4)
gkl =~/ Tpv
27 18|
5

B = (2m)"2ilPI9Ps.

Exercise 18.8. Prove that

(D ]
@) , 1
s’gm@:—ﬁpw F
2

Example 18.27. Since

|
—~
=7
—
—
e
N~—
53
S
~
|
—
—
[\ )
S
~—
|
[SST .
—~
[
e
~—
Q
S
~
|
—~
—
3]
]
N~—
|
[N}
—~
—
e
~—
R
S
~

we get

098 = (2m) 8 (i5)%.

In particular, in dimension one,

YTy 1

5 = g,k =2mitsW.
2n1 & x i

Let us consider the Cauchy—Riemann operator

and

in R2,
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For & < 0 we have

0

i/o e YGH&) gy = ﬂ = ,ié'
. Si+i& | &1 +i&
Hence R

1 i

2(&) T +ig]

which proves (2). Part (1) is established with a simple calculation:

— 1fad aN[(d .o\ 1[[aN\* [a\}\ 1 -
a'&:4(ax_l8y> <8x+19y>_4<<3x) *(ay) )‘4““”'



Chapter 19
Convolutions in S and S’

Let us consider first the direct product of distributions. Let us assume that 73, ..., 7,
are one-dimensional tempered distributions, 7j € §'(R), j = 1,2,...,n. The product
Ti(x1)--- T, (x,) can be formally defined by

(Ti(x1) -+ Tu(xn), @(x15 o yxn)) = (T1 (x1) - Tum 1 (Xn—1), @1 (X1, -+, X0—1))
=(T1(x ) T2 (Xn—2), @2(x1,- .+, X0-2))
:"':<T1(X1)’<Pn—1(xl)>,

where

@11, xnm1) 2= (Ty(x), @(x1,. .., x)) € SR,
Qi(x1, - X)) = (Tnejrt, @j—1 (X1, .., Xn—j1)) € SR,

In this sense, it is clear that
O(xX1yennyXn) =0(x1) - O(xn)-

But the product T (x)7>(x), where the x are the same, in general case does not exist,
that is, it is impossible to define such a product. We remedy this by recalling the
following definition.

Definition 19.1. The convolution ¢ x y of the functions ¢ € S and y € S is defined
as

(@ y)( /(PX vy

We can observe the following immediately.
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(1) The convolution is commutative for every n > 1. If n > 2, then

(@xy)(x /(px Vy(y)dy = /(p = (y*9)(x).

If n =1, then

(o*y)( /(px )y (y)dyz—L_mw(z)w(x—Z)dz

— [ vt ez = (v o).

(2) It is also clear that the convolution is well defined for ¢ and y from S, and
moreover, for every o > 0,

I (9 W)x) = (%9 y)(0) = [ oplr—y)wlr)dy

= [ (D000 =y (r)dy

= (C12 [ o= 0fy()dy = (0,

where we integrated by parts and used the fact that dy, @ (x—y) = —d), @(x— ).

We would like to prove that for ¢ and y from S it follows that ¢ * y from § also. In
fact,

(1) xy e C(R") since I*(Q*y)=@*d%yand 9% :S — S.
(2) @y decreases at infinity faster than any inverse power:

1
[ot-vvom| <a [ o towolara | vl
<l =yl 1>

!
‘1

< == JwO)dy+ea [ "M w()[dy
x| Jyi< ! y> 5!
c ) _
< |x|lm+W:C|x| m? méeN

Next we collect some important inequalities involving the convolution.

(1) Holder’s inequality implies that
105 Wllmgeny < 10l gen - 1Vl g - (19.1)

where % + i = 1,1 < p < oo. This means that the convolution is well defined

even for ¢ € LP(R") and y € L” (R"). In particular,


















Chapter 20
Sobolev Spaces

Lemma 20.1. For every function f € L*(R") the following statements are

equivalent:

(1) L) e 2w,

(2) &§if(&) € LX(RY),

(3) lirr(; A xists in L*(R"). Here Aif(x) := f(x+te;) — f(x) witht € R and
11—

ej=(0,...,1,0,...,0).
2
(4) There exists { fi}7_y, fx €S, such that f 5 f and g—){’; has a limit in L*(R™).

Proof. (1)< (2): Since - ~
Djf=¢;f,

&7

we have

=Dl

by Parseval’s equality.
(2) = (3): Leté& jfbe a function from L?(R"). Then the equality

—

1 1, e -~ elréi 1 —~
TAE) = L - 1f(E) = S 618
J
holds. But
ersi—1
—1
15
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Therefore we may conclude that

> I0%flz <o 3 IDflG <o [ (1+IEFPIFE)PE <o

o] <s [or|<s
This establishes the characterization. |

This property of an integer s justifies the following definition.

Definition 20.5. Let s be a real number. Then we define
H(R"):={feS: (1+|EP)2f e L*(R")}

with the norm 1
2

ey = ( [, (1 G I7ERaZ )
Definition 20.6. Let s > 0 be an integer and 1 < p < . Then

Wy (R") = {f € LP(R") : 3, [D*fllpp(n) < =}

o] <s

is called the Sobolev space with norm

1/p
||fHWpJ'(]R") = < 2 ||Daf|zn(w)> :

la|<s

Exercise 20.1. Let s > 0 be an even integer and 1 < p < oo. Prove that

gy = ([, 1770+ 1 A)I”dx)ll’

is an equivalent norm in W;(R").

Definition 20.7. Lets > 0 be a real number and 1 < p < . Then

~

W)= (res’s ([ 15 rgmiprar) <o)

with the norm

g = ([, 1971+ 1) )
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Therefore,

/lf 2dHA/ / |£) )[Plx —y| 7" > dxdy
= [ 1F©PE+ [ 16PIfE)Pac,

This completes the proof. O
Remark 20.10. Note that A, exists only for 0 < s < 1.

Exercise 20.3. Prove that

I oy = [ (LHIEP2)IF(E)PaE |

2 " —
SRR

A +A S [ D) Do) Pl P dady,

|o =k

Example 20.11. 1 ¢ H*(R") for all 5. Indeed, assume that 1 € H*(R") for some sp
(it is clear that so > 0). This means that (1 +]E]A) 2T € LA(R"). Tt follows from this

fact that 1 € L} (R"), and further, TeLl (R").But1=(27)28, and we know that
0 is not a regular distribution.

loc

Next we list some properties of H*(R").

(1) Since f € H*(R") if and only if f(&) € L2(R") and L2(R") is a separable Hilbert
space with the scalar product

(Foanizan = [, (1417 A g,

it follows that H*(R") is also a separable Hilbert space, and the scalar product
can be defined by

(.0 = [ (1+1EPYF-5aE.
We may prove the following property:
R =EHRY)), seR

in the sense that

|(f:8) 2y
Ifll-s(mny == sup DR
ozgers®) |18l msm)
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This means that H—*(R") is the dual space to H*(R") with respect to the Hilbert
space L?(IR"). Indeed, since by Parseval’s equality

-~

(F:8) 2@ = (F8r@n = (1+IER) 1.1+ 16)°8) 2.

it follows that

sup DO IA®RY] sup
0£geH? (R") ||g||Hs R?) 0+£g€L2(R") Hg”Lg R")

|(f8)2(mn)] |(£,8) 2 :Hf‘

T 111 £z (em -

We have used here the fact that the space L? ((R") is dual to L2(R") for every
seR.
(2) For —oo < s < 1 < oo, it follows that S C H'(R") C H*(R") C §'.

Example 20.12. 6 € H*(R") if and only if s < —7. Indeed, if we define

then & € H*(R") is equivalent to (27r) 7 (£)* € L*(R"), which in turn is equivalent
tos < —3.

(3) Let ¢ be a function from H*(R"), and v a function from H*(R"). Then ¢ €

L2(R") and y € L? ((R"), so that ¢ - ¢ € L' (R") by Holder’s inequality. We
may therefore define (temporarily, and with slight abuse of notation)

T -

and obtain
(@, ¥) 2y | < 10 s ey - Wl s (eny -

For example, if ¢ is a function from HZ+!7€(R"), £ > 0, and y = 92, then

BF) ER
<ax_,<p> =/ =— <pd€—127r /51@
j L2(Rn> JR"

)1+1+8<Rn) and éj 6 szgflfg(Rn)'
(4) Consider a differential operator with constant coefficients

= z agD”.

o] <m

is well defined, since @ € L

Then P(D) : H*(R") — H*™(R") for all real s.
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Proof. By the properties of the Fourier transform we have

PO nqe = [ (1+1EF " IPDIf g
= [ a+1ER IPE)R- @)
<c [ (A+IEPY 1+ ER)IFE)PIE = el e

for all real s. O

There is a generalization of this result. Let P(x,D) be a differential operator

D)= Y ax(x)D*

loc|<m
with variable coefficients such that |ay (x)| < ¢ for all x € R" and |¢t| < m. Then
P(x,D) : H"(R") — L*(R").
Indeed,

IP(x.D)fll2 <co X IID*fllp=co Y,

lo|<m o <m

(1+11)7

SC()

= -

(5) We have the following lemma.

Lemma 20.13. Ler ¢ be a function from S, and f a function from H*(R") for s € R.
Then ¢ - f € H*(R") and

Il < | (1+1ERY 2B, 1AL

Proof. We know that

Hence
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Remark 20.21. Tt is possible to prove that if ¢, f € H*(R") for s > 5, then ¢ f €
H*(R™) with the same s.

Exercise 20.7. Prove that W) (R")- W} (R") C W, (R") if p > n.

Next, we consider the trace map 7, defined initially on S(R") by tu = f, where
f(X) =u(0,x) ifx = (x1,...,x,) and X' = (x2,...,x,).

Proposition 20.22. The map T extends uniquely to a continuous linear map
T: HS(RVL) _)Hs—l/Z(Rn—l)
Sorall s > 1/2, and this map is surjective.

Proof. If f = tu, then for all u € S(R") we may define
fien = [ aeua.
Hence, using the Cauchy-Bunyakovsky-Schwarz inequality, we have

PP < [ aera+igrya [ a+iEP) e,

—oo

Since

- | | ) 1
/—w (1+|f§’|2+é%>sd61 ~ 1+ [EP) /—w (1 + (wﬁ}’:lw)z)“vdél
1+|E72)1/2

s < d
=Py [ s>,

we have

(1P RIFE P <6 [ @)+ IER) Az,

where C; denotes the latter convergent integral with respect to p. Integrating with
respect to &' in the latter inequality leads to

||f||12qsf1/2(ﬂgnfl) <GCs ||”||%-IS(R") :
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(3) Letnow m = —nin part (2) and in addition assume that [g, 1 ©(6)d6® = 0. Note
that T_,(x) ¢ L. _(R"). But we can define T, as a distribution from S’ by

loc

pv-Ton @) = | T-a()[@(x) = @(0)w(|x])ldx,

where ¢ € S(R") and y € S(R) with y(0) = 1. We assume that y is fixed. But
it is clear that this definition does not depend on y, because [g, 1 ©(0)d6 = 0.

Exercise 21.5. Prove that

(p-v.T_p, @) = lim T_,(x)@(x)dx,

e—0+ |x|>¢

where T_,, = |x| @ ( x ) , Jsr1 0(6)d6 = 0.

T+
Let us prove the following:

(1) p.v.T_, € H*;

2) p./v.i,, € Hj(R"), and moreover, it is bounded.
(3) p.v.T % : L*(R") — L*(R").

Proof. Part (1) is clear. Part (2) follows from

<cllollprn -

Hence pﬁn € L=(R") by duality.
Finally, if f € L*>(R"), then

Fpv.T_,xf)= (27‘[)%pﬁn -7,
which implies that

[p-v. Ty fll 2y < (27) 2 ||p.v. Ty

Il

This proves part (3). ]
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The last integral converges if % < m < n. We may therefore write that

n—1

2

——
|x|7" = Com|E"T", <m<n.

In fact, this is true even for m such that 0 < Re(m) < n, which follows by analytic

continuation on . In order to calculate the constant C,, ,,,, let us apply this distribu-
. LIPS
tionto ¢ =e~ 2 . Since ¢ = ¢, we get

Ix? £
2

([ ™e727) = (Cuml ™" e 27).

The left-hand side is

P = pemel 2
/\x\ Me de:wn/ P leT T dr
R 0

:27"7’;7260,,/ 7 e tdr = 2" @, (”_2’">
0

Using this, the right-hand side becomes

‘5‘2 n—(n—m)-2
C"7m<|é ‘minveiT> = Cn,mz 2 U)nr (%) .

Therefore,
m—2 m n—m—2 n—m
Com2"T @, (5) - wnF( . )
which gives us
Cnm — ﬂfmr (n72m)
’ r(%)

Finally, we have

o " 1" n—m

|x|—m=22"" ( ) A ET. (21.3)

2
(%)
Definition 21.10. The Hilbert transform H f of f € S is defined by

Hf::]<p.v.)lc>)<f>7

T

ie.,
1
Hf(x) =~ lim fln)dr
T e—0+ /x> x—1
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Exercise 21.6. Prove that

M Hf 2@ = 12w

(2) Hilbert transform has an extension to functions from L?(R).

3) H*=—1I,ie,H '=—H.

4) (Hfi,Hf2);2=(f1,/2)2 for fy € LP and f> GLP',Where%—l-ﬁ =1,1<p<eoo.
(5) H:LP(R) - LP(R), 1 < p <o, ie.,

.

SC”fHLI’

1 /lx f(r)de

—t|>e X1 ||p

for ell € > 0, where ¢ does not depend on €.

The multidimensional analogue of the Hilbert transform is developed in the follow-
ing definition.
Definition 21.11. The functions
Xj R
R](x) = W, x7é0, J:1727...,l’l,

are called the Riesz kernels.

Remark 21.12. We can rewrite R j(x) in the form Rj(x) = [x| " ®;(x), where ;(x) =
X

ﬁ and conclude that

(1) fou1 @;(8)d6 =0;
) R;(Ax) = A7"R;(x), A >0.

These properties imply that we may define the Riesz transform by
Rixf=p.v.Rj*f,

*(R") is a homogeneous distri-
bution. Let us calculate the Fourier transform of the Riesz kernels. By homogeneity,
it suffices to consider || = 1. We have

because in our previous notation, Rj(x) =T_, € H*

— o e_i(xag)xj
Ri&) =pvRy(E) = ) [ S
. —i(x,&), .
— lim (2717)’7/ ¢ M
i e<hi<u ||

We split

e_i(x7§)xj e_i(x¢§)_x< e_i<xv§)x-
7dx=/ 7jdx+/ € N =T 4D
/8<Ix\<u T e<hl<1 x[rH L<f<p AT b
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For I} we will use integration by parts:

1 - )
I — —i(x&) Y 1-n
T /g<\x|<1e 8xj(|x| Jdx

efi(xé) efi(xv‘;:)x. efi(xvg)_xy
iy /e<\x\<1 e W=t " w=e "

—i(xg) .
- Cniéj/ S drt /I ‘ e_l<x’5>xjd0' -0, €—=0+.
x|=1

i<t !
But
; ) ; )
ilxE) _-7/ —i(x€) _-7/ :
xje do=i e do =i cos(|&|-x1)do
/|x\=1 ! 9&; =1 9&; Jix=1
i&; . .
:—|?| ‘ Hxl-51n(|<§|~x1)dG:—1<§j~Cl, |E] =1,

where we have used the fact that a rotation maps & to (|£],0,...,0). Similarly, we
may conclude that

efi(xa'é) 1—
/| 7dx:/u ccos(Ee) el e =G, ] = 1.
JxI<

<t [t
If we collect all of these things, we obtain
I — Gii&j, [E]=1

as € — 0+. For I, we will use the following technique:

e_i(xﬁé)x< a efi(xﬁé)
I 71@:'7/ -
2 NI lagj_ w1 T
. d 1
=1 "cos -x1)dx
5 [ 7 eos((E]m)

i§; 1 xsin(|Elx)

=—— dx = —i&; - const, =1, — oo,
E ot T S sI=1. u

Exercise 21.7. Prove the convergence of the last integral.

Collecting these integrals, we obtain that

p.V.Rj:iéj-Cn












Chapter 22
Fundamental Solution of the Helmholtz
Operator

Let us consider a linear partial differential operator of order m in the form

D)= Y aq(x)D* xeR"

la|<m

where o = (au, ..., 0) is a multi-index, D* = D' --- D%, and D; = }%
X J
In this chapter, €2 is a bounded domain in R”, or 2 = R".

Definition 22.1. A fundamental solution for L in € is a distribution E in x that
satisfies

LiE(xly) = 6(x—y)
in 2'(Q2) with parameter y € Q, i.e., (LiE,9) = ¢@(y) for ¢ € C5(Q).

We understand that (LE, @) is defined in distributional form

<LE7(p> - <EaL/(p>7

where L’ is the formal adjoint operator of L given by

Lf= 3 (~D)D%aq(x)f(x)).

jal<m

Here, L' must be in 2(€) for ¢ from 2(£2). This will be the case, for example,
for aq(x) € C=(Q).

Two fundamental solutions for L with the same parameter y differ by a solution
of the homogeneous equation Lu = 0. Unless boundary conditions are imposed,
the homogeneous equation will have many solutions, and the fundamental solution
will not be uniquely determined. In most problems there are grounds of symmetry
or causality for selecting the particular fundamental solution for the appropriate
physical behavior.
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We also observe that if L has constant coefficients, we can find the fundamental
solution in the form E(x|y) = E(x —y|0) := E(x —y). This fact follows from the
properties of the Fourier transform:

LxE/(x\*)’): z aaéo‘EE—\y): 2 aaéae_i(é'y)E/(;)
lot|<m loe| <m

—

= EI5(0) = 5(c—y),

ie.,
LE(x—y) =6(x—y).

Exercise 22.1. Let L be a differential operator with constant coefficients. Prove that
u = q* E = E x g solves the inhomogeneous equation

Lu=gq
inD'.

Remark 22.2. In many cases the fundamental solution is a function. We can there-
fore write u as an integral

ux) = | EG=y)q0)dy

Remark 22.3. In order for the convolution product E x ¢ (or g+ E) to be well defined,
we have to assume that, for example, g vanishes outside a finite sphere.

Remark 22.4. 1f L does not have constant coefficients, we can no longer appeal to
convolution products; instead, one can often show that

ulx) = [ EGxy)as)ay
Definition 22.5. We denote by ag(x, &) the main (or principal) symbol of L(x, D)

ap(x,&) = Y ag(x)*, &R

o[ =m

Assume that the a (x) are “smooth.” An operator L(x, D) is said to be elliptic in Q2
if for every x € Q and & € R"\{0} it follows that

a()(X,é) 7é 0.

Exercise 22.2. Let a4 (x) be real for |o| = m. Prove that the previous definition is
equivalent to
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(1) mis even,
(2) aop(x,&) > Ck|&E|™ (or —ap(x,&) > Ck|E|™), Ckx > 0, for every compact set K C
Qandforall £ e R" and x € K.

Let us consider the heat equation

d
—M:Au, t>0,xeR",
ot

M(X,O) = f(x), xeR”
in §'(R"). Take the Fourier transform with respect to x to obtain

d . ~
Eu(gvt) = _ézu(é’t)> t>0,

a(£,0) = f(8).

This initial value problem for an ordinary differential equation has the solution

o~

(&, =e P FE).

Hence
u(e,t) = F e P F(E) = @r)y 7 e ) s p = (1) 5 g,

where

; 1 I
P(x,1)= (27 *”/ e IEleilx8)ge = R
i =n | -y

This formula implies that

1 C o
M(XJ):W/WG o f(y)dy.

Definition 22.6. The function P(x,7) is the fundamental solution of the heat equa-
tion and satisfies

0
(az —A) P(x,1)=0, t>0,

Jlim P(x.1) £5(x).

It is also called the Gaussian kernel or heat kernel.

We can generalize this situation as follows. Let us consider an elliptic differential
operator
L(D)= Y agD”

lot|<m
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with constant coefficients. Assume that L(&) = ¥4 <y 4a§* > O for all & € R"\{0}.
If we consider Py (x,t) as a solution of

(;; +L(D)) Pr(x,1) =0, >0,

lim Py (x,7) £ o(x),

11—

then Py, (x,t) is the fundamental solution of % -+ L(D) and can be calculated by

P (x,1) = (2m) " / e LE)gilrE) g

n

Lemma 22.7. Let P (x,t) be as above. Then the function

F(x, 7L) = lim [ e *P.(x,0)ds
e—0+ J¢e

is a fundamental solution of the operator L(D) + A1, A > 0.

Proof. By the definitions of F and P, we have

(F(x,1),0) = lim ( / TP (x0)d, @) = lim [ e M(PL @)dr.
£

e—0+ e—0+Jg

Therefore,

(LD)+1)F.0) = lim [ e (LD)+ 1P p)ar

=

— tim [ e M(L(D)PL, @)di+ A / ‘(P @)dr
e—0+J¢

g

= lim e”“(—iPL,(p)dt—i—MF, )

e—0+ /¢ ot
= lim [_ “PL g —l/ “PL,o dt} +A(F, )
- E11%1+e>*’15<l>L(-,8),qo> =(0,9)
forall p € S. H

Exercise 22.3. Let us define a fundamental solution I'(x,?) of % +L(D) as a solu-

tion of
{(5, L) (x,1) = 8(x)8 (1),
I'(x,0)=0.
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Prove that -
F(x,)) = / e M (x,1)dr
0

is a fundamental solution of the operator L(D) + AI,A > 0.

2
Example 22.8. Let us consider L(D) = 3¥_, (%a%,) = —A. Then L(§) = |E]%,

and the fundamental solution F(x,A) of the operator L(D) + A = —A + A has the
form

F(x’l):/w ! neim'eiédtz%/mefll*%.t*%dt
0 () @t

n i \/IX 2 n n *° r2 n
= I 7 )Uji]\/ eiri( 4‘1‘) Tifd‘[ = 1 5 771/ e717E177d17
(4m)2 0 (4m)2 0

where r = \/A|x|. From our previous considerations we know that

T I

where .Z ! is the inverse Fourier transform. The function

Ly =, 2
Ky(r) =3 (%) /0 e W 1V

is called the Macdonald function of order v. So we have

1—2
_n X 2
F(x,A)=(2m) 2 <\|/?|T> K%_l(ﬂ|x|).
It is known that )
Ko(r) = Zem i i), r>0,

where H\(,l) is the Hankel function of first kind of order v.
Next we want to obtain estimates for F(x,A) for x € R", A > 0, and n > 1. Let

r2 n . 00
us consider the integral [;"e "% 7~ 2d7 in two parts I; + h = [} + [}

(1) If0<r<1,then

1 —_ ~7ﬁ n 1 7& n b n

4
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Since

as r — 0+, we have
1, n=1,
1 _
Ih| <cp{logy, n=2,
P >3

)

For I, we can simply argue that

2

o 2, 2 e ;
12:/ efynyyfidyge*T/ eVdy<e <1, r—0+.
1 1
(2) If r > 1, then

2
{r‘ze47 n=1723,4

b2 20 [Tzt
Ilg/ e Hy 2dy=cyur /rze 22 dz<eny P
0 r="e %", n>35,

T

where 0 < § < %. The last inequality follows from the fact that z2 ~2 < cge* for
5—2>0andalle >0 (z>1).

oo v
1

we perform the change of variable z :=y+ Z—i. Then z > r and z — +-oeo. Thus

o0 rZ o
/ efyf“*ydy:c/ et (H—Z)dz
J1 272

=c Zdz+c/

/ V212

:ce’+c(eZ 2—r? +/ ez\/zz—rzdz>
r r

=c (er +/ e V72— r2dz> <ce %"
r

Since

forall0 < 6 < 1.
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("N + A =0,

This equation can be reduced to one of Bessel type by making the substitution u =
wr!=2. A straightforward calculation shows that

(rw) — (1 - g>2¥+lrw =0,

or
/

w”+v:+(k—(1—g)2:2>w=o,

or

v//(r\/I)—&—V/E:}/IZ) —|—(1—(1—Z)2A 2) v(rvA) = w(r) =v(rv).

This is the Bessel equation of order 5 — 1. Its two linearly independent solutions
are the Bessel functions J%,l and Yg,l of the first and second kinds, respectively.
Therefore the general solution is of the form

w(r) = c()J%,](\/Ir) —‘rC/lY%,](\/)TV).

For us it is convenient to write it in terms of Hankel functions of the first and second
kinds as

w(r )—coHn 1(\F}’)-I-Cﬂ‘ln l(f”)

where
BN (2) = () +i% (), B (2) =0 (2) - i (2).

The corresponding general solution u is

u(r)y=r'"2 coH (\/>r)+c1H (fr)}

o . 2 .
If A ¢ [0, +o0), then v/A has positive imaginary part, and the solution H é 7) | (VAr)is

exponentially large at z = +oo, whereas H él_) ! (\/Ir) is exponentially small. Hence
2
we take

En(x, x)—corl—m [(VAr).
Exercise 22.4. Prove that

JdE,
lim
e—0+J|x|=¢ OF

() =1
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Remark 22.11. We conclude that

o 1 i (va\T
R :4<27r|x|> Hip VI,

for A > 0. A direct calculation shows that

_ K

5 n:1,
E,(x,0) = Z]Tzl‘)gp]Tp n=2,
b n>3.

(n—2)wy,’









23 Estimates for the Laplacian and Hamiltonian 219

Our aim is to prove the following result.

Theorem 23.1. Letk>0and%Z%—ﬁz%ﬂfornzihmdl>%—p—_3f0r

n =72, where % + % = 1. Then there exists a constant C independent of k and f such
that

1(=A = =10) "l < K 7) 2 s,

Remark 23.2. In what follows we will use the notation G instead of (—A —k*—
i0)~!

Proof. First we prove that if the claim holds for k = 1, then it holds for every k£ > 0.
So let us assume that

1G1 £l gy < €I lnceny

Set Ts f := f(6x),8 > 0. It is clear that ||T5 f || 1p(rn) = 57 | f1|zr (mny- It is not dif-
ficult to show that G, = k2T;G, T% . Indeed, since

f(x—y)dEdy
Guf = (2m)” // |§|2 20

~ F(E2)dédy
GiT. f=(2 k .
rr—en [ [ WHO

we get

It follows that

~ flx—7)d&dy
T,GiT. f = (2
WGiTy f = (2m) // |§|2f1710
_ (2n) / / @M f(x — z)k"dzdn
» Jen ‘”‘2 —1-10

dzdn
2 —Hp 2/ / X Z) )
n‘ n n |T’|2 k2 —1i0

KGif =TGIT, f,

This proves that

which we use to get
1Ges = K2 IBGITL fll e =Kk P GiTy f|

21 21 1 % l,i/ _
<Pl =P () 1l =k g,
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It therefore suffices to prove this theorem for k = 1.
The rest of the proof makes use of the following lemmas.

Lemma 23.3. Ler o(x) € S(R"),0<e <1, and 6, 0(§) =" (%) Let us set

P(E) = p.v. (nl"‘l—l *agw> ©).

Then

Proof. For P; we have the following representation:

O —
P.=p.v. </ +/ +/ >£(§n)dn =h+hL+15h.
1—e<in<t+e  Jini<i—e  Jmi>14e) NP1

The integrals I, and I3 can be easily bounded by £~ !||w||,1, because |n| < 1 —¢

1 <1

implies that ‘Wﬁ‘ = ﬁ < é and 1| > 1+ ¢ implies that ‘m'%‘ =T e

By the definition of p.v. we have

L= lim/ 768(”(25_”)(117
6-0+J5<|1-nlj<e  [M|*—1

1-6 l+e -1
= lim / +/ >/ o:0(C —rf)———dodr.
5—>0+< 1-¢ 148 ) Jsn1 ¢ (6 )r2—1

Replacing r with 2 — r in the latter integral, we obtain

ORE),,

11 = lim 5
§—0+J1—e r—1
where
rnfl (2_},.)1171
P = [ oo -0~ ao - 2-n0) 2 .

If we observe that F(1,&) = 0, then we get by the mean value theorem (Lagrange
formulas) that

1-6 F(V,é) _ -9 F(raé)_F(lvg) JF
[l [ e <0, [Feg)
<& sup 8—F
l—g<r<i| OF












































































Part 111
Operator Theory and Integral Equations



Chapter 24
Introduction

Despite the fact that this part is devoted to Hilbert spaces, it is assumed that the fol-
lowing concepts are known (they are necessary mainly for examples and exercises):

(1) the Lebesgue integral in a bounded domain € C R” and in R”;

(2) functions of bounded variation BV [a,b] on an interval [a,b] (see Part I for
details);

(3) the Stieltjes integral of continuous functions on [a, b];

(4) a complete normed space C¥ (2),k=0,1,2,...,0on a closed bounded domain
Q C R defined by

CHQ) = {f: 2 = C: | fllugy = max 3, [9°F(x)] < o=},

o <k

where o is an n-dimensional multi-index, i.e., ¢ = (o, ..., 0,), o; € NU{0},

. . |

j=L12,... nwith|a|=01+ 0+ -+ 0y and 9% f = P a‘?af
X

PRI
| ._.axyolﬂn

(5) a complete normed space L (Q) defined by

L7(Q) =A@ = C:|fll () = esssup [f ()] < oo}
(6) a complete normed space L' () for an open set  C R” defined by
LHQ)={f: 92 = C: ey = [ 17(0ldr <o=}:

(7) the generalized (in the L? sense) derivatives 9% f(x), o = (au, ..., 0, (see Part
II for details);
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Chapter 25
Inner Product Spaces and Hilbert Spaces

A collection of elements H is called a complex (real) vector space (linear space) if
the following axioms are satisfied:

(1) To every pair x,y € H there corresponds a vector x +y, called the sum, with the
following properties:

(@ x+y=y+ux

b)) x+(+z)=@&+y)+tz=x+y+z

(c) there exists a unique element O € H such that x4+ 0 = x;

(d) for every x € H there exists a unique element y; € H such that x+y; =0.
We set y; := —x.

(2) Forevery x € H and every A, u € C there corresponds a vector A - x such that

(@) A(ux) = (Ap)x = Apx;
(b) (A+u)x=Ax+ pux;
(©) A(x+y)=Ax+Ay;
d 1-x=ux.

Definition 25.1. For a linear space H, a mapping (-,-) : H x H — C is called an
inner product or a scalar product if for every x,y,z € H and A € C the following
conditions are satisfied:

(1) (x,x) > 0and (x,x) =0 if and only if x = 0;
@) (xy+z)= () +(x2);

() (Axy) = A(xy);

“4) (xvy) = (yax)'

A linear space equipped with an inner product is called an inner product space.
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An immediate consequence of this definition is that

(x,2) + 1 (y,2),
(x,),

(Ax+uy,z) =

A
(%, Ay) =4
for every x,y,z€ Hand A,u € C.

Example 25.2. In the complex Euclidean space H = C" the standard inner product
18 n
x,y) = ZXJYT' )
j=1

where x = (x1,...,x,) € C"and y = (yy,...,y,) € C".

Example 25.3. 1In the linear space Cla,b] of continuous complex-valued functions,

the formula ,
9= [ sekar

defines an inner product.

Definition 25.4. Suppose H is an inner product space. Then

(1) x € His orthogonal to y € H if (x,y) =0.

I, o=p
2) A system C H is orth Lif (xg,xg) = =<7 ’
(2) Asy {xa el orthonormal if (xe,xg) = 8¢ {07 o« 4B,

where I is some index set.
3) ||x|l := v/ (x,x) is called the length of x € H.

Exercise 25.1. Prove the Pythagorean theorem: If {x;}*_, k € N, is an orthonor-

mal system in an inner product space H, then

j=r

2

k k
2
N

for every x € H.

Exercise 25.2. Prove Bessel’s inequality: if {x;}*
tem, then

i1 k < o, is an orthonormal sys-

J 2
Z x,x)* < |2l
=

forevery x € H.
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Exercise 25.3. Prove the Cauchy—Bunyakovsky—Schwarz inequality:

o) < [xlliyll, xyeH.
Prove also that (-,-) is continuous as a map from H x H to C.

If H is an inner product space, then
x| := v/ (x,%)

has the following properties:

(1) ||x|| > O for every x € H and ||x|| = 0 if and only if x = 0.
(2) ||Ax|| = |A|||x|| for every x € H and A € C.
(3) Ilx+yl <|lx|| + |ly|| for every x,y € H. This is the triangle inequality.

The function ||-|| = y/(-,-) is thus a norm on H. It is called the norm induced by the
inner product.

Every inner product space H is a normed space under the induced norm. The
neighborhood of x € H is the open ball B,(x) = {y € H : |[x—y|| < r}. This system
of neighborhoods defines the norm topology on H such that the following conditions
are satisfied:

(1) Addition x4y is a continuous map H x H — H.
(2) Scalar multiplication A - x is a continuous map C x H — H.
(3) The inner product (x,y) : H x H — C is continuous.

Definition 25.5. (1) A sequence {x;}7_; C H is called a Cauchy sequence if for

every € > 0 there exists ng € N such that ka ijH < gfork,j>np.
(2) A sequence {xj};f’:l C H is said to be convergent if there exists x € H such that

for every € > 0 there exists ng € N such that Hx —Xj H < € whenever j > ng.
(3) An inner product space H is a complete space if every Cauchy sequence in H
converges.

Corollary 25.6. (1) Every convergent sequence is a Cauchy sequence.
(2) If{x;}7_| converges to x € H, then

tim x| = [lll-

Definition 25.7 (J. von Neumann, 1925). A Hilbert space is an inner product
space that is complete (with respect to its norm topology).

Exercise 25.4. Prove that in an inner product space the norm induced by this inner
product satisfies the parallelogram law

2 2 2 2
[y e =yl" = 2[x[I” + 2y ]I
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Exercise 25.5. Prove that if in a normed space H the parallelogram law holds, then
there is an inner product on H such that ||x||* = (x,x) and that this inner product is
defined by the polarization identity

1 2 2 . T .2
(e9) = 7 (3P = =3P +i e+ i) =i x = iv]?)
Exercise 25.6. Prove that on Cla, b] the norm

(KAl = max |f ()]

is not induced by an inner product.
Exercise 25.7. Give an example of an inner product space that is not complete.

Next we list some examples of Hilbert spaces.

(1) The Euclidean spaces R” and C”".
(2) The matrix space M, (C) consisting of n x n matrices whose elements are com-
plex numbers. For A, B € M,,(C) the inner product is given by

n
(A,B)= Y aybrj =Tr(AB"),
k,j=1

where B* = B' .

(3) The sequence space I>(C) defined by

lz(C) = {{Xj};-(’],xj eC: Z |Xj|2 < 00}.
j=1
The estimates
2 2 2 2 2012
iy <2(bg1P+1yF) s 1AxE = (A
and

1
il < 5 (I > +1y;1%)

imply that /2(C) is a linear space. Let us define the inner product by
(x,y) = Z Xjyj
j=1

and prove that />(C) is complete. Suppose that {x(k)};":1 € I>(C) is a Cauchy
sequence. Then for every € > 0O there exists ny € N such that
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5 oo
qu«) —xm H =3 ) a2 g2
j=1

for k,m > ng. This implies that

W —admi<e, =12,
or that {xgk) }©_, is a Cauchy sequence in C for every j =1,2,.... Since C is a

complete space, it follows that {x§k>};°=1 converges for every fixed j =1,2,...,
i.e., there exists x; € C such that

(k)

xj:gil?oxj .
This fact and
S )
Y |x§ —x; ?<e? €N,
j=1
imply that

m-—oo 7

L®mp e
lim Z |xj —x; |- = Z |xj —xj|"<e
J=1 J=1
for all k > ngy and [ € N. Therefore, the sequence
®)
s ::2|xj —xj\z, k > no,
j=1

is a monotonically increasing sequence that is bounded from above by €.
Hence this sequence has a limit with the same upper bound, i.e.,

- i
k . k
> = tim 3 i < €2,
from which we conclude that
ol [+ [ ] < ] +e

and x € I>(C).
The Lebesgue space L*>(), where © C R” is an open set. The space L?(Q)
consists of all Lebesgue measurable functions f that are square integrable, i.e.,

[ P < e
Q
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This space is a linear space with the inner product
(r.9)= [ s

and the Riesz—Fischer theorem reads as follows: L?(£2) is a Hilbert space.

(5) The Sobolev spaces Wy (£2) consisting of functions f € L?(£2) whose weak
or distributional derivatives % also belong to L*(£2) up to order |o| < k,
k=1,2,.... On the space W& (£2) the natural inner product is

(r)= % [ 0970

|| <k

Definition 25.8. Let H be an inner product space. For a linear subspace M C H the
orthogonal complement of M is defined as

Mt :={yeH:(yx)=0,forallxc M}.

Remark 25.9. Tt is clear that M is a linear subspace of H. Moreover, M N M+ =
{0}, since we always have 0 € M.

Definition 25.10. A closed subspace of a Hilbert space H is a linear subspace of H
that is closed (i.e., M = M) with respect to the induced norm.

Remark 25.11. The subspace M is closed if M is a subset of a Hilbert space.

Theorem 25.12 (Projection theorem). Suppose M is a closed subspace of a
Hilbert space H. Then every x € H has a unique representation as

xX=u-+tv,
where u € M and v € M+, or equivalently,
H=Mo®M".
Moreover, one has that
= inf ||[x—y|| = d(x,M).
vl yleMHx vl =:d(x,M)
Proof. Letx € H. Then
di=d(x,M) = inf lie—y]| < |r—u]

for all u € M. The definition of infimum implies that there exists a sequence
{u;}7-; C M such that
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d=1im |jx—u;||.
J—ee

The parallelogram law implies that

i = el = 1oty =) + (6= )| =2 [ x> +2 [ s P~ 4 - 22

Since (u; +ux)/2 € M, it follows that
oty — g ||* < 2 ||y —x||” + 2% — we* — 4d? — 2d* +2d% — 4d> = 0

as j,k — c. Hence {u /-}‘J’-"= 1 C M is a Cauchy sequence in the Hilbert space H. This
means that there exists # € H such that

u= limu;.

Jreo
But M = M implies that u € M. By construction one has that

d=1im ||x—u;|| = [[x—ul|.

Let us set v := x — u and show that v € M. For all y € M, y # 0, we introduce the

number
(1,y)

— Y
¥l

Since u — ay € M, we have

2 2 2 2 2112
d” < [lx = (u = oy)[|” = v+ ayl|” = VI + (v oy) + (ey,v) + e[|y

_ 2o ey )0y [ e [6)P

2 2 2 2 -
Iyl ¥l Iyl [yl

This inequality implies that (y,v) = 0, which means that v € M. In order to prove
uniqueness, assume that x = u; +v| = uy +vo, where uj,up € M and vi,v; € M+
It follows that

Uy — Uy =vy—vj eMnM*.

But M "M+ = {0}, so that u; = up and v| = v,. O

Remark 25.13. In the framework of this theorem we have that

2 2 2 2 2
el = Mlael= 1l VI = Gev), o (ull® = ().
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: k
(y7xj) = khj}olo(x( )7xj) = (xvxj)

forall j =1,2,.... Therefore, (y —x,x;) =0 for all j =1,2,.... Part (2) implies
that y = x and part (3) follows.
(3)=(4) Letx,y € H. We know from part (3) that

=

(x, xj)xj, y= Z(y,xk)xk

1 k=1

™M

X =

J

The continuity of the inner product and the orthonormality of {x j};"zl allow us
to conclude that

™M

(06,x7) (3 %)

= Z 2 x,%;) (v, %) (xj,x%) =
j=lk=1

1

J

(4)=(5) Take y = x in part (4).
(5)=(1) Suppose that B is not maximal. Then we can add a unit vector z € H to it
that is orthogonal to B. Parseval’s equality gives then

, =
L=llz)* =X [(zx) P =
j=1

This contradiction proves the result. (I

Exercise 25.8. Let {x j};f’zl be an orthonormal system in an inner product space H.
Letx e H, {cj}lj?zl C C, and k € N. Prove that

k
X72ij]' .

J=1

<

k
Zxx}




Chapter 26
Symmetric Operators in Hilbert Spaces

Assume that H is a Hilbert space. A linear operator from H to H is a mapping
A:DA)CH—H,
where D(A) is a linear subspace of H and A satisfies the condition
A(Ax+ py) = AAx+ UAy

for all A,u € C and x,y € D(A). The space D(A) is called the domain of A. The
space
N(A) :={xeD(A): Ax=0}

is called the null space (or kernel) of A. The space
R(A):={ye€H:y=Axforsomexe D(A)}

is called the range of A. Both N(A) and R(A) are linear subspaces of H. We say that
A is bounded if there exists M > 0 such that

lAx| <M, xeD(A).
We say that A is densely defined if D(A) = H. In such a case, A can be extended
to Aex, which will be defined on the whole H with the same norm estimate, and we
may define
Al = inf{M : [JAx] < Mix] x € D(A)},

or equivalently,
1Al gy = sup [|Ax]].

[l =1
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Example 26.1 (Integral operator in L* ). Suppose that K (s, 1) € LX(2xQ),QCR",
Let us show that the integral operator K defined as

Ri6) = [ Ko, fer’(@)
Q
is bounded. Indeed,
2 _ ~ 24
@ /Q R f(s)Pds = /Q ‘ /Q K(s,1) f(1)de
= [ ()Pl as < [ 1RGN 77 as
= [, (L 0P [ 1r0Par ) as = 1K . e

where we have made use of the Cauchy—Bunyakovsky—Schwarz inequality. We
therefore have N
<

IR, = 1Kz

2
ds

|Rs

o 1K)

The norm

is called the Hilbert—Schmidt norm of K.

Example 26.2 (Schur test). Assume that p and ¢ are positive measurable functions
on 2 C R" and o and f are positive numbers such that

| 1K) Ip0)dy < aq(), - ac.in @

and .
/Q IK(x,y)|lg(x)dx < Bp(y), ae.inQ.

|*

Proof. For all f € L*(Q) we have

Then K is bounded and

<+ap.

212
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1 -1 1
(Af,g>=po/0 f”~§dt+ip1/0 f’-?dt+pz/0 fogdt
_ /71_ 1/-7’d . | ! -7’dt +
=po|f'8l, /Of g'dt| +ip1 | fglo /Of g p2(f.8)2
1 1
= —po /0 f-gdr—ipy /0 @i+ (f, pag)2
_ ST
=—po [fg’|(l) —'/0 f-g”dt] +(frip1g) 2 + (f, p28) 2
L
= 170/0 f-8"dt+(f,ip1&) 2+ (f, p28) 12 = (f,Ag) 2

for all f,g € D(A). Moreover, for the sequence u,(f) = sin(nrr) we have (for suffi-
ciently large n) that

[Au|72 = /01 |po(sin(nmt))” +ipy (sin(nmt)) + py sin(nme)|>dt
= /01 [(po(nm)? — po)*sin®(nmt) + (nm)? pi cos® (nmt)] dt
> /0 1 [(";”4 psin? (nmr) + (nm)?pl cos? (naut) | di
> (nn)zp%/o1 (sin?(nmt) + cos*(nmt) ) dt
= 2009} 5 = 2007 .

So A is unbounded, since
IAl72 2 > 2(nm)*p

for n — oo,

From now on we assume that D(A) = H, i.e., that A is densely defined in any case.

Definition 26.9. The graph I'(A) of a linear operator A in a Hilbert space H is
defined as
I'A):={(x;y) €H xH:x€D(A)andy = Ax}.

Remark 26.10. The graph I'(A) is a linear subspace of a Hilbert space H X H. The
inner product in H X H can be defined as

((ctsyn), (23v2)) o -= (X1,%2)m + (V15 32) 1

for all (x1;y1),(x2;2) € H X H.
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Definition 26.11. The operator A is said to be closed if I'(A) = I'(A). We denote

this fact by A = A.

By definition, the criterion for closedness is that

x € D(A),
y = Ax.

Xp — X,

xXn € D(A),
j {
Ax, —y

The reader is asked to verify that it is also possible to use a seemingly weaker, but
equivalent, criterion:

xp € D(A),
S () x € D(A),
X, — X, =

w y:Axa
Axy —y

w . . .
where x;,, — x indicates weak convergence in the sense that

(Xn,y) = (x,3)
forally e H.

Remark 26.12. 1t is important from the point of view of applications (in particular,
for numerical procedures) that the closedness of an operator guarantees the conver-
gence of some process to the “correct” result.

Definition 26.13. Let A and A; be two linear operators in a Hilbert space H. The
operator A is called an extension of A (or A is a restriction of A1) if D(A) C D(A)
and Ax = Ajx for all x € D(A). We denote this fact by A C A and A = Aj[p ).

Definition 26.14. An operator A is called closable if A has an extension A; and
A1 = Aj. The closure of A, denoted by A, is the smallest closed extension of A if it

exists, i.e.,
A= (] A
ACAli
A=A,

Here, by A; 0747 we mean the operator whose domain is D(A; ﬂ;\vl ):=D(A;)N
D(A;) and
(Al ﬁAl)x =Aix=Ax, x¢€ D(A1 ﬂAl),

whenever A CA; =A; and A C A, =A;.

If A is closable, then I" (A) = I'(A).
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Definition 26.15. Consider the subspace
D* :={v € H : there exists h € H such that (Ax,v) = (x,h)for allx € D(A)}.

The operator A* with domain D(A*) := D* and mapping A*v = h is called the adjoint
operator of A.

Exercise 26.4. Prove that A* exists as a unique linear operator.

Remark 26.16. The adjoint operator is maximal among all linear operators B (in the
sense that B C A*) that satisfy

(Ax,y) = (x,By)
forall x € D(A) and y € D(B).

Example 26.17. Consider the operator
Af(x):=x"%f(x), a>0
in the Hilbert space H = L*(0,1). Let us define
D(A):={f€ L*(0,1) : f(x) = xu(x)g(x),g € L? for some n € N},
where

(x) = 0, 0<x<1/n,
=, I/n<x<l.

It is clear that D(A) = L%(0,1). For v € D(A*) we have

(A = [ e = [ o e = (1.A%)

We conclude that
DAY )={vel*:x *vel’}.

Let us show that A is not closed. To see this, we take the sequence

Fuln) = {xo‘, I/n<x<1,

0, 0<x<l/n.

Then f, € D(A) and
I, I/n<x<l,
0, 0<x<l1/n.
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If we assume that A = A, then

Jfa € D(A),

f — x% = {xa < D(A)’
n ) A0

Af,— 1 1 =Ax%*.

But x* ¢ D(A). This contradiction shows that A is not closed. It is not bounded
either, since o > 0.

Theorem 26.18. Let A be a linear and densely defined operator. Then
(1) A* = A%, B
(2) A'is closable if and only if D(A*) = H. In this case A** := (A*)" = A,
(3) If A is closable, then (A)* =A"

Proof. (1) Letus define in H x H the linear and bounded operator V as the mapping
Vi(u;v) — (v —u).

It has the property V2 = —I. The equality (Au,v) = (u,A*v) for u € D(A) and
v € D(A*) can be rewritten as

(V(”;Au)7 (V;A*v))HxH =0.

This implies that I" (A*) LVI'(A) and I" (A*) LVI'(A), which in turn means that
.\l
I'(A*) C (VF (A)) . Let us check that the criterion for closedness holds, i.e.,

Vi —V,

n € D(AY),
v € D(AY) {v € D(AY),
=
. y=A*v.
Avy —y
Indeed, for all u € D(A) we have

(Au,vy) — (Au,v).

On the other hand,
(Au,vy) = (u,A%vy) — (u,y).

Hence (Au,v) = (u,y). Thus v € D(A*) and y = A*v. This proves (1).
(2) Assume D(A*) = H. Then A** exists and due to part (1) we may conclude that

[(A") C VT (A) .
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Then
VI(A) C T(A*)*,

It follows that
[(A)C(-VI(A)",

since V2 = —I. Here
—VI(A*) ={(—A"u;u),u € D(A*)}.
Thus
(VI (A))" ={(erze2)},
so that
(_A*uael)H + (uve2)H = 07
or

(A*u,e1)g = (u,e2)p.

Therefore, e; € D(A™*) and A**e; = e,. This shows that (ej;ez) € I'(A*™) and
hence
(=VI(A"))* c ['(A*).

Therefore,
r(A)cra~),

which means that A C A™*, and sinceﬁA** is closed, A is closable and A C A**.
Let us show that in this case, in fact, A = A**. Indeed, if u € D(A**), then

(v, A" u) = (A*v,u), veD(A"),

or
(u,A™) = (A"u,v), veDAY),

or
(Au,v) = (A""u,v), veD(A").

Since D(A*) = H, we obtain Au = A**u on D(A**). It follows that A** C A and

furthermore A** C A. Hence A = A**.

This proves (2) in one direction. Let us assume now that A is closable (i.e., A

exists and is minimal among all closed extensions) but D(A*) # H. Then there

exists ug 7 0 such that ug L D(A*). So ug LD(A*) also. Then

(up;0) L(v;A™v), v e D(A").
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It follows that
(ug,v) = (0,A"),

(A*,0) = (v,up).

In part (1) it is shown that I'(A) L (—=VI'(A*)). Then
r(A)L(=vI(A"))

or

r(A)L(=VI(AY)
since A exists. Since also (0;ug) L(—VI'(A*)) then (0;ug) € I'(A) ie. 0 =
A(0) = ugp # 0. This contradiction proves (2).
(3) Since A is closable, (1) and (2) imply

This completes the proof. (]
Example 26.19. Consider the Hilbert space H = L*(IR) and the operator

Au(x) = (u, fo)uo(x),

where ug #Z 0, uy € I? (R), is fixed and fy # 0 is an arbitrary but fixed constant. We
consider A on the domain

D(A) = {u e L*(R): /R|fou(x)|dx < oo} =L*(R)NLY(R).

It is known that LZ2(R)NL!(R) = L?*(R). Thus A is densely defined. Let v be an
element of D(A*). Then

(Auvv) = ((Lt,f())u(),v) = (M,fo)(uo,v) = (u,(uo,v)fo) = (u’ (V,uo)fo) .

It means that
A*v = (vup) fo-

But (v,u) fo must belong to L>(IR). Since (v,ug)fy is a constant and fy # 0, it fol-
lows that (v, up) must be equal to 0. Thus

1o LD(A"),

which implies that
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AA* on the domain
D(AA")={feD(A"): A" f e D(A)}.

It is clear that in general,
AA* £ A*A.

If equality holds here, the operator A is said to be normal.

d
Exercise 26.8. Let H=L*(0,1) and A := i

(1) Prove that A is closed and symmetric on the domain
D(A) ={f € L*(0,1): f' € L*(0,1), £(0) = f(1) = 0} = W}(0, 1).
(2) Prove that A is self-adjoint on the domain

D(A) = {fe L2(0,1) : f € L2(0, 1), £(0) = f(1)el?, y R}.



Chapter 27
John von Neumann’s Spectral Theorem

Definition 27.1. A bounded linear operator P on a Hilbert space H that is self-
adjoint and idempotent, i.e., P> = P, is called an orthogonal projection operator or a
projector.

Proposition 27.2. Let P be a projector. Then

(1) |P|=1ifP#0.

(2) P is a projector if and only if P* := I — P is a projector.

(3) H=R(P)®R(P"), Plgpy =1, and Plgp.)=0.

(4) There is a one-to-one correspondence between projectors on H and closed lin-
ear subspaces of H. More precisely, if M C H is a closed linear subspace, then
there exists a projector Py : H — M, and conversely, if P: H — H is a projector,
then R(P) is a closed linear subspace.

(5) If{e j}ljy:] ,N < oo is an orthonormal system, then

N
Pyx:= Z(x,ej)ej, xX€EH,

Jj=1

is a projector.

Proof. (1) Since P = P* and P = P?, we have P = P*P. Hence ||P|| = ||P*P|. But
|P*P|| = ||P||*. Indeed,

2
[Pl < [P 1P]] < [|1P]

and
IP|[* = sup [|Px|* = sup (Px,Px)
[Ixll=1 [Ixl=1
= sup (P*"Px,x) < sup ||[P*Px|| =||P*P|.
[Ixll=1 [Ixll=1
(© Springer International Publishing AG 2017 279
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Then M is a closed subspace of H. If we define a linear operator Py as
Pyx:= Z(x,ej)ej, xX€H,
j=1
then by Bessel’s inequality we obtain that Pyyx € M and
[[Pyx]| < Jlx]] -

This means that Py is a bounded linear operator into M. But Pye; = ¢; and thus
PAZ,,x = Pyx for all x € H. Next, for all x,y € H we have

8

Pany <z Ivy> = Z(xvej) (ejay z yaej
—1 j=1

(o _

i.e., Py; = Py. The case of finite N requires no convergence questions and is left
to the reader.
This completes the proof. ]

Ms

(y’ej) ) = (x7PM)’)7

1

Definition 27.3. A bounded linear operator A on a Hilbert space H is said to be
smaller than or equal to a bounded operator B on H if

(Ax,x) < (Bx,x), x€H.

We denote this fact by A < B. The operator A is nonnegative if A > 0; A is positive,
denoted by A > 0, if A > ¢/ for some co > 0.

Remark 27.4. In the framework of this definition, (Ax,x) and (Bx,x) must be real
forallx c H.

Proposition 27.5. For two projectors P and Q the following statements are equiv-
alent:

(1) P<Q.

(2) ||Px|| < ||Qx|| forall x € H.
(3) R(P) CR(Q).

(4) P=PQ=OP.

Proof. (1) = (2) Follows directly from (Px,x) = (P2x,x) = (Px, Px) = ||Px|*.

(3) = (4) Assume R(P) C R(Q). Then QPx = Px or QP = P. Conversely, if OP =P,
then clearly R(P) C R(Q). Finally, P = QP = P* = (QP)" = P*Q* = PQ.
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(2) = (4) If (4) holds, then Px = PQx and ||Px|| = ||PQx|| < ||Qx]| for all x € H.
Conversely, if ||Px|| < ||Qx|, then Px = QPx + Q- Px implies that

2
1Pl = oPxi + | @ Px| " < oPx

Hence
LR
ot =0,
i.e., Q1 Px =0 forall x € H. Hence P = QP = PQ.
This completes the proof. ]

Exercise 27.1. Let {Pj}j-":l be a sequence of projectors with P; < P;,; for each
j=1,2,.... Prove that lim, .., P := P exists and that P is a projector.

Definition 27.6. A linear map A : H — H with the property
[Ax]] = llxll,  xeH,

is called an isometry.

Exercise 27.2. Prove that

(1) Ais anisometry if and only if A*A = 1.
(2) Every isometry A has an inverse A~ : R(A) — H and A~! = A* |R(4)-
(3) If A is an isometry, then AA* is a projector on R(A).

Definition 27.7. A surjective isometry U : H — H is called a unitary operator.

Remark 27.8. 1t follows that U is unitary if and only if it is surjective and U*U =
UU* =1, ie., (Ux,Uy) = (x,y) forall x,y € H.

Definition 27.9. Let H be a Hilbert space. The family of operators {Ej }7___ is
called a spectral family if the following conditions are satisfied:

(1) E, is a projector for all A € R.
(2) Ej <Eyforall A < pu.
(3) {E,} is right continuous with respect to the strong operator topology, i.e.,

lim ||Exx— Ex|| =0
s—t+

forall x € H.
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For the spectral representation of self-adjoint operators one needs integrals not only
over finite intervals but also over the whole line, which is naturally defined as the
limit
oo . B
| _raaEy) = tim [" @y = ([ r)dEy
e B—soo

if it exists. Deriving first some basic properties of the integral just defined, one can
check that

oo B
| e By = [ r0d(Exy)

= lim f( ) (Elxay)v x,y € H.

o— —oo

Theorem 27.12. Let {E; }5___ be a spectral family on a Hilbert space H and let
f be a real-valued continuous function on the line. Define

{er / E,lxx)<oo}

(or D := {x EH: [T, f(l)dE,lxexists}). Let us define on this domain an operator
A as

me:/:ﬂma@%w,xeDmyzbyeH

(orAx = ["_ f(A)dE,x,x € D(A)). Then A is self-adjoint and satisfies
E(e,IA C AE(,B], a<p.

Proof. 1t can be shown that the integral

| _foExy)

exists forx € D and y € H. Thus (Ax,y) is well defined. Let v be an element of H and
let € > 0. Then by normalization, there exist o < —R and 8 > R with R sufficiently
large such that

[v—E(ct,Blv|| = ||v—Egv+Eav|| < ||(I—Eg)v|| + |Eav] < €.
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On the other hand,

oo

| I PAEE @l E(eBlv) = [ IF(A)PA(EE @ Bly)

J —oo

= LZ ‘f(x)|2d(E)LEﬁV7V) —/:):o |f()t’)|2d(ElEaV,V)

B o
= [ 1f0PaEw = [ 170)PdEmY)

J —oo

B
= [ 1r@)PdEy) <

These two facts mean that E (o, B]v € D and D = H. Since f(A) = f(1), it follows
that A is symmetric. Indeed,

oo B
(avy) = [ fAExy) = lim [ f3)a(Esxy)

ﬁ—mo
B
— lim [ f(A)d(x.Epy) = hm( /f dEM)
Booo” B—so0

In order to prove that A = A*, it remains to show that D(A*) C D(A). Letu € D(A*).
Then

(E(ot, Blz,A"u) = (AE(et, Bz, u) / FON(Egz,u)

for all z € H. This equality implies that

(z,A"u) = lim f d(Eyz,u) / f(A)d(Epz,u)

a%m

- / £ B = [ :f(/l)d(Ew,Z) = (Au,2) = (z.Au),

where the integral exists because (z,A*u) exists. Hence u € D(A) and A*u = Au. For
the second claim we first calculate
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The spectral representation therefore can be written in the form
M
Au :/ udFyu, ucH.
m

Let us consider now an unbounded operator that is semibounded from below, i.e.,
(Au,u) > mo(u,u), u€ D(A)

with some constant mg. We assume without loss of generality that (Au,u) > (u,u).
This condition implies that A~! exists, it is defined over all of H, and HA’l H <1.
Indeed, A~! exists and is bounded because Au = 0 if and only if u = 0. The norm
estimate follows from

(v,A"ly) > ||A71v||27 ve DA™,

Since A~! is bounded, D(A~!) is a closed subspace in H. The self-adjointness of A
means that A~! = (A_l)*. Therefore, A~ is closed and D(A~Y)=H, ie, Al
densely defined. Therefore, D(A~!) = H and R(A) = H. Since

0< (A vy < |v|?, veH,
we may conclude in this case that m > 0, M < 1, and
1
A’lv:/ udFyv, veH,
0

where {F, } is the spectral family of A~!. Let us note that F; = I and F = 0, which
follows from the spectral theorem for bounded operators and from the fact that
A~y =0 if and only if v = 0. Next, let us define the operator Be, € > 0, as

LS|
Bgu::/ —dFuu, uecD(A).
e M

For every v € H we have

BgAlv:/:;dF#(A') /deu (/ ldev)
:/81 %d (/Ol/ld(FuF;Lv)> :/E it (/8 7LdF;Lv> :/gl %udFuv

1
:/ dFyv=Fyv—Fev=v—Fv.
€
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Since every spectral family is right continuous, it follows that

lim BzA" v =
e—0+

exists. For every u € D(A) we have similarly

A™ 1Bguf/ WdFy (Beu) / ud </ dF,lu> =u—Feu,

and hence
lim A”Bgu =u
£—0+

exists. These two equalities mean that

. o 1\l -
g = )

exists and the spectral representation

11
A= / —dF, = hI(I)l EdFu
£—0+

holds. If we define E; =1—F1, 1 <A < o, then
7

A:f/ —dE. _/ AdE; .

Exercise 27.5. Prove that this {E; } is a spectral family which is left-continuous.

The domain D(A) can be characterized as

D(A) = {ueH;/lmﬂd(EMu) <oo} - {ueH:/Ol %d(Fumu) <oo}.

This proves the theorem for self-adjoint operators that are semibounded from below.
For bounded operators we will only sketch the proof.

Step 1. If A= A" and A is bounded, then we can define
pv(A) ==aol + @A+ -+ ayA, NeN,

where aj € R for j =0,1,...,N. Then py(A) is also self-adjoint and bounded
with

[pn(A)]| < sup [pw(1)].
<Al
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Step 2. For every continuous real-valued function f on [m,M], where m and M are
as above, we can define f(A) as an approximation by py(A), i.e., we can prove
that for every € > 0 there exists py(A) such that

I f(A)—pn(A)| <e.

Step 3.  For every u,v € H let us define the functional L as

L(f) = (f(A)u,v).
Then
IL(O] = [(fA)uv)| < ([ FA) Nl (V]

that is, L(f) is a bounded linear functional on C[m, M].

Step 4. (Riesz’s theorem) A continuous positive linear functional L on C[a, b] can
be represented in the form

1= [ rwave),

where v is a measure that satisfies the conditions

(1) L(f)>0for f>0;
2)  |IL(f)] < v(K)||fllg, where K C [a,b] is compact and

I£1lg = max] f (x)].

Step 5. It follows from Step 4 that

M

(Au,v) :/ Adv(Asu,v).
m

Step 6. It is possible to prove that v(A;u,v) is a self-adjoint sesquilinear form,

from which we conclude that there exists a self-adjoint and bounded operator E,
such that

v(A;u,v) = (Epu,v).

This operator is idempotent, and we may define £, =0 for A <mand E; =1
for A > M. Thus {E; }5___, is the required spectral family, and the theorem is
proved. See [4] for an alternative proof of this theorem. (]

Let A: H — H be a self-adjoint operator in a Hilbert space H. Then by von
Neumann’s spectral theorem we can write

Au:/ AdEju, u€D(A).
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For every continuous function f we can define

D= {u cH: /:o F ) PA(Eyu, ) < m}.

This set is a linear subspace of H. For every u € Dy and v € H let us define the linear
functional

Lv) = / FA)A(Equ,v) = ( / f(/l)dEw,v> .
This functional is continuous because it is bounded. Indeed,

oo 2 oo
L < [ sae| WP = [ )R 1P = clw)

By the Riesz—Fréchet theorem this functional can be expressed in the form of an
inner product, i.e., there exists z € H such that

/:fu)d(EWv") =(zv), veEH.

We set
z2:=f(A)u, uc Dy,

ie.,

(@) = [ FRAE ).

Remark 27.14. Since in general f is not real-valued, f(A) is not a self-adjoint oper-
ator in general.

Example 27.15. Consider

A—i

)=

A ER,

and a self-adjoint operator A with spectral family £, . Define

= —i

The operator Uy is called the Cayley transform of A. Since |f(A)| = 1, we have
Df = D(UA) = H and
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il B
Vsl = [ 1FPAEr ) = lim [ d(Epun)

B
= lim ((Egu,u) — (Equ,u)) = Jim. (”Eﬁ”HZ _ ||Eau||2) = |ul?
- -

by normalization of {Ej }. Hence U, is an isometry. There is a one-to-one corre-
spondence between self-adjoint operators and their Cayley transforms. Indeed,

Uy = (A—il)(A+il)~!

is equivalent to

[—Us=2i(A+il)~ 1,
[+Us =2A(A+iD)7!,

or
A=i(I+Uy)(I-Uy)™ "

Example 27.16. Consider

1
f(A)= , AeRzeC,Imz#0.

Define |

Rb:(Afdy4:iK 74

The operator R, is called the resolvent of A. Since

1 1
A—z|~ |Img]

for all € R, we have that R, is bounded and defined on the whole of H.

Example 27.17. Suppose that K (x,y) € L*(Q x Q). Define an integral operator on
L*(Q) as

AP = [ K@) f()ay

Then
A0 = [ KOs ()

and therefore







Chapter 28
Spectra of Self-Adjoint Operators

Definition 28.1. Given a linear operator A on a Hilbert space H with domain D(A),
D(A) = H, the set

p(A)={zeC:(A- zI) ! exists as a bounded operator fromHtoD(A) }

is called the resolvent set of A. Its complement

o(A)=C\p(4)
is called the spectrum of A.

Theorem 28.2.

(1) If A = A then the resolvent set is open and the resolvent operator R, :=
(A —zI)~" is an analytic function from p(A) to B(H;H), the set of all linear
bounded operators in H. Furthermore, the resolvent identity

RZ—R§:(Z—§)R1R5, Z,éEP(A)

holds and R, = (R;)>.
(2) IfA=A* then z € p(A) if and only if there exists C, > 0 such that

1(A = 2D)ul| = C u]

forallu € D(A).

Proof. (1) Assume that zg € p(A). Then R, is a bounded linear operator from H to
D(A) and thus r:= ||R;, H_l > 0. Let us define for |z —zo| < r the operator

Gzo = (Z - ZO)RZ()'

(© Springer International Publishing AG 2017 295
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Then G is bounded with ||GZO H < 1. Hence it defines the operator

(I_GZO)71

I
M
o

because this Neumann series converges. But for |z — z9| < r we have
A—zl=(A—zl)(I-Gy),

or
(A—z) ' =(I—Gy) 'Ry,

Hence R, exists with D(R;) = H and is bounded. It remains to show that R(R;) C
D(A). For x € H we know that

yi=(A—z) 'xeH.

We claim that y € D(A). Indeed,

=

_ _ ; i1
y=A—z)x= (I—-Gy) 1RZO)c: Z(z—zo)/ (RZO)JJr X
j=0

n

= ’}glolo Y (z— 20)’ (RZO)]-+l X.
j=0

It follows from this representation that R, = (A —zI)~! is an analytic function
from p(A) to B(H;H). Next we define

sax = Y (2 —20)’ (RZO)Hlx.
=0

It is clear that s,x € D(A) and that lim,,_,. s,x = y. Moreover,

lim (A — zl)s,x = x.

n—oo

Writing y, := s,x we conclude from the criterion for closedness that

€ D(A),
Yn =), = x—(A— 1)
(A—2l)y — x = a)y.

Hence y = (A —zI)~'x € D(A), and therefore p(A) is open. The resolvent iden-
tity is proved by a straightforward calculation:
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R.—Re = R(A— EDRe — Ru(A )Rz = Ru[(A— 1) — (A~ <I)] R
=(z— é)RzRé .

Finally, the limit
. RZ - Ré . 2
lim = limR.R: = (R;)

=& 7T— 7—E&

exists, and hence R, = (RZ)2 exists, which proves this part.
Assume that A = A*. If z € p(A), then by definition R, maps from H to D(A).
Hence there exists M, > 0 such that
[Rov[| <M lv||, veH.
Since u = R,(A —zl)u for all u € D(A), we get
[[ull < M [[(A—zD)ull, u <€ D(A).

This is equivalent to
1
JA—ahyall > o, e D(A).
Z

Conversely, if there exists C, > 0 such that

(A —zl)ul| = C:[lull, u < D(A),
then (A —zI)~! is bounded. Since A is self-adjoint, (A —zI)~! is defined over all
of H. Indeed, if R(A —zI) # H, then there exists vo # 0 such that vy LR(A —zI).
This means that

(vo,(A—zhu) =0, ue€ D(A),

or
(Au,vo) = (zu,vo),

or
(u,A*vo) = (u,2v0).

Thus vy € D(A*) and A*vy = Zvg. Since A = A*, it follows that vy € D(A) and
Avg = Zvg, Or

(A—=zl)vy =0.
It is easy to check that ||(A —z1)ul|* = || (A — zI)ul|* for all u € D(A). Therefore,

(A =z2hwol| = [[(A —z)wol| = Cc[lvol|-
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Exercise 28.1. Consider A = & defined in L2(0, 1) with domain
D(A) = {u €W, (0,1) :u(1) = 0}.

Show that A # A* and o (A) = 0.

Exercise 28.2. [Weyl’s criterion] Let A = A*. Prove that A € o(A) if and only if
there exists x,, € D(A), ||x,|| = 1, such that

lim [|(A — A0)x,]| = 0.
Nn—ro0

Definition 28.4. Let us assume that A = A. The point spectrum c,(A) of A is the
set of eigenvalues of A, i.e.,

Gy(A) = {A € 6(A) : N(A— AI) £ {0}}.

This means that (A — A7)~! does not exist, i.e., there exists a nontrivial u € D(A)
such that Au = Au. The complement 6 (A) \ 6 (A) is called the continuous spectrum
0c(A). The discrete spectrum is the set

04(A) = {4 € 6,(A) : dimN(A — AI) < eeand A is isolated inc (A) } .
The set Oegs (A) := 0(A) \ 04(A) is called the essential spectrum of A.

In the framework of this definition, the complex plane can be divided into regions
according to
C=p(A)ua(4),

5(4) = Gy(A) Uai(A),

and
G(A) = Gd(A) U Oess (A)7

with all the unions disjoint.

Remark 28.5. If A = A*, then

(1) A € o.(A) means that (A — A1)~ ! exists but is not bounded.
(@)

Oess (A) = 0. (A)
U {eigenvalues of infinite multiplicity and their accumulation points}

U {accumulation points of 04(A)}.

Exercise 28.3. Let A =A" and 11,1, € 6,(A). Prove that if A; # A, then
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limd,:=d>0

n—oo

exists. Let us choose y, € R(I — P,), |lya|| = 1, such that
d
I~ Pyl = Kol > 2.

Then

|(0n,%)| = (I = Ba)yn, X)| = [y, (I = Ba)X)| < |lyull [[(1 = Po)x[| — O

as n — oo for all x € H. This means that y, — 0. The compactness of K implies that
Ky, — 0. Thus d = 0. Therefore,

dy = ||K — KP,|| — 0.

Since P, is of finite rank, so is KP,, i.e., K is a norm limit of finite-rank operators.

Lemma 28.9. Suppose A = A* is compact. Then at least one of the two numbers
+||A]| is an eigenvalue of A.

Proof. Since
”AH: sup (Axax)‘v

|
[lxl=1
there exists a sequence x,, with ||x,|| = 1 such that

|All = ’}LH}J(Axnvxn)L

In fact, we can assume that lim,,_,..(Ax,,x,) exists and equals, say, a. Otherwise, we
would take a subsequence of {x,}. Since A = A*, it follows that a is real and ||A]| =
|a|. Due to the fact that every bounded set of a Hilbert space is weakly relatively
compact (the unit ball in our case), we can choose a subsequence of {x, }, say {xx, },
that converges weakly, i.e., x, . x. The compactness of A implies that Axy, — Y.
Next we observe that

||A.Xk” 7G.an ||2 - ||Axkn Hz *Za(A.an,an) +a2 S ||A||2 - Za(Axkn"xkn) +a2

=2a* —2a(Axy,,x;,) — 2a° —2a* =0

n?

as n — oo, Hence

Axy, — axy, — 0,
Xk, — X,
A-xk,, -, =

W Ax = ax.
Xk, — X
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Proof. The null space N(I — tA) is a closed subspace of H, since I — [1A is bounded.
Indeed, for each sequence f,, — f and f, — UAf, = 0 we have that f — uAf =0,
since A is continuous.

The operator A is compact on H and therefore also compact from N(/ — A) onto
N(I —pA), since N(I — uA) is closed. Hence, for every f € N(I — uA) we have

If = (I—pA)f+nASf = UAf,

and I is compact on N(I — pA). Thus N(I — pA) is finite-dimensional. O

Theorem 28.15 (Riesz’s lemma). If A is a compact operator on H and | € C, then
R(I—uA) is closed in H.

Proof. If u =0, then R(I — pA) = H. If u # 0, then we assume without loss of
generality that 4 = 1. Let f € R(I—A), f # 0. Then there exists a sequence {g,} C
H such that
f=lim (1= A)g,.
We will prove that f € R(I — A), i.e., there exists g € H such that f = (I —A)g.
Since f # 0, we can assume by the decomposition H = N(I — A) & N(I — A)* that
gn € N(I—A)* and g, # 0 forall n € N.
Suppose that g, is bounded. Then there is a subsequence {g, } such that

w

8ky — &
The compactness of A implies that
Agr, — h=Ag.

Next,
8k, = (I —A)gy, +Agk, — f+h.

Hence g = f+Ag,ie., f=(—A)g.
Suppose that g, is not bounded. Then we can assume without loss of generality
that ||g,|| — oe. Let us introduce a new sequence

&
Uy 1= .
l1gnll
Since ||uy|| = 1, there exists a subsequence u;, — u. The compactness of A gives

Auy, — Au. Since (I —A)g, — f, we have

1
(I—A)uk” = 7(1—A)gkn — 0.
18k |

This means again that
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T:=(A—z) ' —(B—zl)!
is a compact operator, then Ogss (A) = Oess (B).

Proof. We show first that Gess (A) C Oess (B). Take any A € Ocss (A). Then there is
an orthonormal system {x,}_, such that

[(A=ADx,|| =0, n— oo
Define the sequence y, as
yni=A—z)x, = (A—ADx, + (A —2)x,.

Due to Bessel’s inequality, every orthonormal system in the Hilbert space converges
weakly to 0. Hence y, 2 0. We also have

A —z] 50

[1yall = (A =zl {lxull = [I(A = AD)xa|| = |4 — 2] = [[(A = A0)xa | >
for all n > ng > 1. Next we take the identity
(B—z) ' —(A=2)yn=~Ty,— (A —2) (A= AD)x,.
Since T is compact and y, — 0, we deduce that

[(B—2)' (A —2)]y. —0.

Introduce
Zy = (B—zl)’ly,,.
Then
w—(A—=2) "y —0,
or

yu+(z—2A)z, — 0.

|A—2|

This fact and ||y, || > 5= imply that ||z,|| > A

4 for all n > ny > 1. But
(B=Azy=(B—zl)zn+ (2= A)za =Yn+ (2= A)zx — 0.

Due to ||z,]| > @ > 0, the sequence {z,};._; can be chosen as an orthonormal
system. Thus A € Gess (B). This proves that Gess (A) C Oess (B). Finally, since —T
is compact too, we can interchange the roles of A and B and obtain the opposite
embedding. (]



Chapter 29
Quadratic Forms. Friedrichs Extension.

Definition 29.1. Let D be a linear subspace of a Hilbert space H. A function Q :
D x D — C s called a quadratic form if

(1) Q(oux) + 0px2,y) = 0 Q(x1,y) + 020(x2,y),
(2) O(x, Biy1 + Boy2) = B1O(x,y1) + B20(x,y2),

for all oy, 0, 1,8 € C and x1,x2,x,y1,y2,y € D. The space D(Q) := D is called
the domain of Q. Then Q is

(1) densely defined it D(Q) = H.

(2) symmetric if Q(x,y) = Q(y,x).

(3) semibounded from below if there exists A € R such that Q(x,x) > —A ||x||* for
allx € D(Q).

(4) closed (and semibounded) if D(Q) is complete with respect to the norm

Ixllg == \/Q(m) + (A1) X
(5) bounded (continuous) if there exists M > 0 such that
10(x,y)[ < M|lx][[|y]
for all x,y € D(Q).
Exercise 29.1. Prove that [|-[| ; is a norm and that
(x,9)0 = Q(x,y) + (A +1)(x,y)

is an inner product.
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Q1(x,y) = (Arx,y), x€D(Ar) C Hg,y € D(Q1) = Hp.

Since for x,y € D(A) one has

(Ax7y) = Q(x>y) =0i1(x,y) = (Avay)7

it follows that Af is a self-adjoint extension of A.

It remains to prove that Ap is the smallest nonnegative self-adjoint extension of
A. Suppose that B > 0, B = B*, is such that A C B. The associated quadratic form
Op(x,y) := (Bx,y) is an extension of Q = Q4. Hence

0D 0=0.

This completes the proof. (]



Chapter 30
Elliptic Differential Operators

Let ©2 be adomain in R”, i.e., an open and connected set. We introduce the following
notation:

(1) x=(x1,...,%,) € Q;
(2) x| =/xF+- -+
(3) a=(ou,...,0) is a multi-index, i.e., a; € No = NU{0}:
() o] = o+ + o,
(b) a>pifo; > p;forall j=1,2,...,n,
(C) a+ﬂ:(al+ﬁl7"'aan+ﬁn)9
@ a—B=(ar—Pi,...,0,— ) if o > B,
(e) x* :)c‘f‘1 - x% with 00 = 1,
) o!=0oq!---o,! with0! = 1;

d n
@) 9; =5 and 9% = 9" --- 9.
Definition 30.1. An elliptic partial differential operator A(x,d) of order m on € is
an operator of the form
A(x,0) = 2 ag(x)0%,
loe| <m

where aq (x) € C~(2), whose principal symbol

a(v,§)= Y, ag(x)&% &eR”

la=m

is invertible for all x € Q and & € R"\ {0}, that is, a(x,&) # 0 for all x € Q and
& eR"\ {0}.

Assumption 30.2. We assume that a,(x) are real for |ot| = m.
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Therefore,
2 2 2 2
eellyz = lluallpz + [1Vullz2 + [[Aulz2
2 2
< ullz2 + llull 2 [|Aull 2 + ([ Aul[z2
32 3 2 _ 3,0
< 2 e+ 3 e = 2 .
where [|-||, is a norm that corresponds to the operator A = —A as follows:
2 2 2
[ally = Nullz2 + [ =Aullz2 -

It is also clear that ||u||, < ||uHW22 Combining these inequalities gives

2
=z < g < el

for all u € C5(£2). A completion of C7(£2) with respect to these norms leads us to
the statement

Thus A = —A on D(A) = W3(Q). Let us determine D(A*) in this case. By the
definition of D(A*) we have

D((—A)*) = {v € L*(Q) : there exists V" € L*(£2) such that
(—Au,v) = (u,v*)forallu € Cy(Q2)}.

If we assume that v € W3 (€2), then this is equivalent to
(u,(=4)"v) = (u,V"),
ie., (—A)v=v* and D((—A)*) = W#(Q). Finally, for Q C R" with Q # R" we
obtain that B B
ACACA*=(A)

and A # A and A # (A)*, that is, the closure of A does not lead us to a self-adjoint
operator.

Remark 30.8. If Q = R", then W3(R") = W2(IR") and therefore
A=A"=(A)".

Hence the closure of A is self-adjoint in that case, i.e., A is essentially self-adjoint.
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Consider now a bounded domain £ C R” and an elliptic operator A(x,d) in £ of
the form
Axd)= ¥ (~1)9%agp(x)P),
|o=|B|<m/2

where a5 (x) = agq(x) are real. Assume that there exists Cp > 0 such that

m
|aaﬁ(x)|§C07 |(X|,‘ﬁ|<§7

for all x € Q. Assume also that A(x, d) is elliptic, that is,

/Q ¥ aaﬁ(x)a“faﬁ?dxzv/g 3 10%Rdy, v >0.

|oe|=[Bl=m/2 |ot|=m/2

Theorem 30.11 (Garding’s inequality). Suppose that A(x,d) is as above. Then
for every € > 0 there is C¢ > 0 such that

(Af. D) 2 (V=) I s g = Ce I Iy

forall f € C5(Q).
Proof. Let f € Cy(£2). Then integration by parts yields
A= % (=D [ 9%(aup ()9 )7
lo|=|Bl<m/2 @

= Z Aop (x)a?fﬂﬁfdx
|0¢ﬁ|m/2/'q

+ Y / (g (x)0%fIP fdx
|a|=[Bl<m/2”
>v ¥ [jonrPar-co X [ 10%A11oP rlax
o[ =m/27 €2 |a|=|Bl<m/2”
>v Y /|8°‘f|2dx—(Co+v) D /\aaf\de
o] <m/27 €2 la|<m/27 €

2 2
= VU gy = Co V) s g

Next we make use of the following lemma.

Lemma 30.12. Forall € >0and 0 < 8 <m/2 there is C¢(8) > 0 such that
(LG22 < e(1+[EP)" +Ce()

forall &£ € R".
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ey

G(t+s)f =F (e 190 7 f)
1

(@)

160112 = |7 e @7 )

— He*fw@)yf

B RS PR

3

160 f=fllz = |7 @ 7~ 7 1)

sl

—0
12

ast — (0 by the Lebesgue dominated convergence theorem. Also by this theorem
we have that

_ —to(§) _
limM =lim.Z7 ! <“§f) =7 Yw&)Ff)=Af.

t—0 1t t—0 1
The domain of A is
DA)={feL?: |0(&)Z[|, <=}

For example, if (&) = |E|™, then A = —(—A)"/? and D(A) = W}*(R").

Example 30.21. Let A=A" > 0. Define
G(t):=e" = / " dE; .
0

Then
(D

G(t+S) :/ CI(H_S)AdE‘)L :/ GIM'GISAC].E')L
0 0
~ ItA “ Is
=/ e dE/e“dE =G(1)G(s);
|| e [, = Gae)

@)
IIG(t)fH2=/ [ PELS, 1) = 1%
0

3)
1G()f — £ = /0 % 1PA(E,f,f) =0, 10,
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and
G F— oo It?L_l 00
M:/ ¢ dE;Lf—>I/ AdE;f=IAf, t— 0,
t 0 t 0
and
lim MJuIAf =0.
t—0 t H

These examples reveal a one-to-one correspondence between the infinitesimal gen-
erators of semigroups and self-adjoint operators in Hilbert space.



Chapter 31
Spectral Functions

Let us consider a bounded domain 2 C R" and an elliptic differential operator
A(x,d) in Q of the form

Axd)= ¥ (-1)9%agp(x)d").

|ot[=[B[<m/2

where a,g = ag,, are real, in C*(£2), and bounded for all o and 3. We assume that

Jo

As was proved above, there exists at least one self-adjoint extension of A with
D(A) = Cy(£2), namely, the Friedrichs extension A with

15 (x) 9% £P Fdx > v/g 3 10%fPdy, v 0.

lo|=|Bl=m/2 o] =m/2

D(Ar) = W3(Q) nW3' ().

Let us consider an arbitrary self-adjoint extension A of A. Without loss of generality
we assume that A > 0. Therefore, A has the spectral representation

X:/ AdE;
0

with domain
D (X) - {f c1X(Q): /Om/lzd(E,lf,f) < oo}.

In general, we have no formula for D (;\\) like that for the Friedrichs extension Ag.
But we can say that
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Chapter 32
The Schrodinger Operator

There are certain physical problems that are connected with the reconstruction of
the quantum-mechanical potential in the Schrédinger operator H = —A + ¢(x). This
operator is defined in R". Here and throughout we assume that ¢ is real-valued.

First of all we have to define H as a self-adjoint operator in L?(R"). Our basic
assumption is that the potential ¢(x) belongs to LP(R") for 5 < p < oo and has the
following special behavior at infinity:

lg(x)| < clx[H, |x[ > R,

with some t > 0 and R > O sufficiently large. The parameter u will be specified
later, depending on the situation. We would like to construct the self-adjoint ex-
tension of this operator by Friedrichs’s method, because formally our operator is
defined now only for smooth functions, say for functions from C7’ (R"). In order to
construct such an extension let us consider the Hilbert space H; defined as follows:

Hy = {f € (R"): Vf(x) € PR and [ [g(2)]1f(x) P < oo}

The inner product in H; is defined by

(.9 = (VA Ve + [ )7 g+ po(f,8)e

with Ly > 0 sufficiently large and fixed.

Lemma 32.1. Assume that f € W, (R") and q € LP(R") for 5 <p<e,n>2 Then
for every 0 < € < 1 there exists ce > 0 such that

(@ff)12] < €NV g + e 1 F 12y
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(1 H H+ o)~ gHLz ey < l/ 1l z2(mny Or even
-1 .
) ||(H+ o)~ gHW; Ry < & Hg||W I (gn)» Where Wy (R") is the dual space of
Wy (R™).

. By 2, S
Since (H + o)~ is a bounded operator and Ci (R") = L*(R") and C7(R") =
W, '(R"), we can extend (H + o)~ as a bounded operator onto L?(IR") in the first
case and onto W2_1 (R™) in the second. The extension for the differential operator is
H+ o= ((H+po)~") " and D(H + o) = R((H + o)~ ') in both cases. It is also
clear that H + o and (H + o)~ are self-adjoint operators.

Lemma 32.5. Let us assume that g € LP(R") for 2 < p < e ifn=2,3 and q €
LP(R") for 5 < p <o ifn>4. Then
W3 (R") C D(H).

Proof. Since H= —A +qand D(H) = {f € W) (R") : Hf € L*(R")}, it is enough
to show for the required embedding that for f € W3 (R") it follows that ¢ f € L*(R").
If p = o, then

0P < oy 1 e <

for every f € W2 (R"), n > 2.
For finite p let us consider first the case n = 2,3. Since W(R") C C(R") N
L= (R") (Sobolev embedding), we must have

g f]*dx = lgf|*dx+ lqf|*dx
R lg|<A lg|>A

<& [ 1fPar+ e [ lal’la e
lql<A lg|>A
< A 1172y + C 1 2y A7 Il ey < o=

We will apply the following embeddings:
FEWZ(RY) CLP(RY), p<oo.
fEWR(R") C LiZa(R"), ifn>>5.

Therefore, on applying Holder’s inequality we obtain

[ JarPac= [ arPacs [ jasPas
q q

4
n n 2n_ n
<A+ ([ laitax)" ([ iias)
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Hyf = / AdE, f.
0

It follows that o(Hp) C [0,4-e0), but in fact, 6(Hp) = [0,4<c) and even o(Hp) =
0c(Hp) = OCess (Hp) = [0,420). In order to understand this fact it is enough to ob-
serve that for every A € [0, +0) the homogeneous equation (Hy — A)u = 0 has a
solution of the form u(x,k) = e!®¥), where (k,k) = A and k € R”. These solutions
u(x, k) are called generalized eigenfunctions, but u(x,k) ¢ L*(R"). These solutions
are bounded and correspond to the continuous spectrum of Hy. Consequently, u(x, 75)
are not eigenfunctions, but generalized eigenfunctions. If we consider the solutions
of the equation (Hy — A)u = 0 for A < 0, then these solutions will be exponentially
increasing at the infinity. This implies that A < 0 does not belong to & (Hy).
For the spectral representation of Hy we have two forms:

(1) the Neumann spectral representation
~Af= [ AdEuf. fEWRRY);
0

(2) the scattering theory representation

~

~Af =7 (EPR =) [ 1EPSEIAE [ e ()ay,

Exercise 32.5. Determine the connection between these two representations.

There are some important remarks to be made about the resolvent (—A —z)~!
for z ¢ [0,+<0). A consequence of the spectral theorem is that

(_A—Z)il :/Ow(k—z)ildEx, ZEC\[O’+°°)a

and for such z the operator (—A —z)~! is a bounded operator in L?(R"). Moreover,

with respect to z ¢ [0, 4-<o), the operator (—A —z)~! as an operator-valued function
is a holomorphic function. This fact follows immediately from

(—a—2)7"). = /Ow(z —2)2dE, = (—A—2) 2.

The last integral converges as well as the previous one (even better). Now we are in
a position to formulate a theorem about the spectrum of H = —A +gq.

Theorem 32.8. Assume that q € LP(R"), § < p < oo, n > 2, and q(x) — 0 as

|x| — H-oo. Then

(1) O-C(H) o (O>+°°);

(2) op(H) C [—co,0] is of finite multiplicity with its only accumulation point at {0}
with co such that —A +q > —cy.






















































Chapter 34

Integral Operators with Weak Singularities.
Integral Equations of the First and Second
Kinds.

Let 2 be a bounded domain in R”. Then
AFG) = [ KGn)f )y

is an integral operator in L*(Q) with kernel K.

Definition 34.1. An integral operator A is said to be an operator with weak singu-
larity if its kernel K (x,y) is continuous for all x,y € Q, x # y, and there are positive
constants M and o € (0,n] such that

[K(x,y)| <M[x—y|*™", x#y.

Remark 34.2. 1If K(x,y) is continuous for all x,y € Q and bounded, then this integral
operator is considered also an operator with weak singularity.

If we have two integral operators A; and A, with kernels K; and K>, respectively,
then we can consider their composition as follows:

om0 = [ Kiaaas )= [ Kieo) ([ ke sc)ee) o

= / (/ Ki(x,y)K2 (y,Z)dy> f(2)dz,
Ja \Ja
and analogously
o= [ ([ Komioa) e
assuming that the conditions of Fubini’s theorem are fulfilled.
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Since G(x,1) = G(x,0) = 0, this equation can be rewritten as

) = Gol0) — [ KOy

where

N 1
@) = 9o(x) =~ [ Gl f(3)dy

and
K(x,y) = 0,G(x,y)a1(y) + G(x,y)d| (y) — G(x,y)aa(y).

Exercise 34.3. (1) Prove that K(x,y) is a Hilbert-Schmidt kernel on [0,1] x [0, 1].

(2) Prove that the boundary value problem and this integral equation of the second
kind are equivalent.

(3) Formulate the solvability condition for the boundary value problem using the
Fredholm alternative for this integral operator.



Chapter 35
Volterra and Singular Integral Equations

In this chapter we consider integral equations of special types on a finite inter-
val [a,b]. We consider the Lebesgue space L™(a,b) and the Holder space C*(a,b)
(which are not Hilbert spaces but normed spaces) instead of the Hilbert space L’:
The norms of the spaces L= (a,b) and C*[a, b] are defined as follows:

1F |0,y = Inf{M : [ f(x)| < Ma.e. on(a,b)},

flleaiay = I fllimup + sup LE=T0

x,y€la,b] ‘x - yla

where 0 < o < 1.
The fact that f belongs to the Holder space C%*|a, b] is equivalent to the fact that
f € L”(a,b) and there is a constant ¢y > 0 such that for all & (sufficiently small),

[f(x+h) = f(x)] < col A%,
where x,x+h € [a,b].

Definition 35.1. Integral equations in L™ (a,b) of the form

10 = [ K@)e0)d

and

o0 =10+ [ K(xy)p()dy (35.1)

where x € [a,b] and sup, [, 5| [K(x,y)| < e, are called Volterra integral equations
of the first and second kinds, respectively.
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Part IV
Partial Differential Equations



Chapter 37
Introduction

We consider the Euclidean space R", n > 1, with elements x = (xi,...,x,). The
Euclidean length of x is defined by

bl = /at

and the standard inner product by

(x,y) =x1y1+ - +XnYn-

We use the Cauchy—Bunyakovsky—Schwarz inequality in R”:

|Coo )< Il - [yl

Equality here occurs if and only if x = Ay for some A € R. By Bg(x) and Sg(x) we
denote the ball and sphere of radius R > 0 with center x:

Br(x):={yeR": |x—y| <R}, Sgpkx):={yeR":|x—y|=R}.

We say that 2 C R", n > 2, is an open set if for every x € € there is R > 0 such that
Br(x) C Q.If n =1, by an open set we mean an open interval (a,b), a < b.

We say that Q C R", n > 2, is a closed set if R"\ Q is open. This is equivalent
to the fact that Q' C Q, where Q' denotes the set of limit points of £, i.e.,

Q' ={yeR":3xW}r, cQ,x*® —y| =0,k — oo}.

The closure Q of the set £ is defined as Q = Q U Q’. We say that € is bounded
if there is R > 0 such that 2 C Bg(0). A closed and bounded set in R” is called
compact. The boundary dQ of the set Q C R” is defined as
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agzﬁm(m).

An n-tuple a = (0, ..., o) of nonnegative integers will be called a multi-index.
We define

1) |of =Xl 0;

2) o+B=(c1+Bi,..., 00+ B,) with |oc+ B| = |oc| + | B].

3) al=o! -0, with0! = 1.

(4) oo > B if and only if o¢; > fB; for each j =1,2,...,n. Moreover, o > f3 if and
only if o > B and there exists jo such that o, > B;,.

S) fa>pB,thena—pB = (a1 —Pi,...,0,—PBy) and | — B| = || — |B].

(6) For x € R" we define

o oy

x% =1 On

.. xn
with 00 = 1.
‘We will use the shorthand notation

0 olol

=—, 9%=9M..9% ="
ox;’ ! " Ixt - dx

J;

This part assumes that the reader is familiar also with the following concepts:

(1) The Lebesgue integral in a bounded domain €2 C R” and in R”.
(2) The Banach spaces (L”, 1 < p < oo, CX) and Hilbert spaces (L?). If 1 < p < oo,
then we set

. 1/p
LP(Q) :={f: Q — Cmeasurable : || f]|;(q) := (/Q |f(x)|1’dx> < oo},
while

L*(Q) :={f: Q — Cmeasurable : || f|[;~(q) := ess sup|f(x)] < eo}.
xXEQ

Moreover,

CHQ) = {f:Q = C:|fllx(g) :=max Y, [0f(x)| <o},

xeQ2 or| <k
where Q is the closure of Q. We say that f € C*(Q) if f € C(£;) for all

k € N and for all bounded subsets Q; C Q. The space C*(£2) is not a normed
space. The inner product in L?(€2) is denoted by

(.80 = [ S8
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Also in L?(Q), the duality pairing is given by
(b = [ S0,
(3) Holder’s inequality: Let 1 < p < oo,y € L and v € L” with
=L,

Then uv € L' and

iy < (] utx |de) (f, borax)”.

where the Holder conjugate exponent p’ of p is obtained via

with the understanding that p’ = if p=1and p’ = 1 if p = .

(4) Lebesgue’s dominated convergence theorem:
Let A C R” be measurable and let { fi };_, be a sequence of measurable func-
tions converging to f(x) pointwise in A. If there exists a function g € L!(A)
such that | f;(x)| < g(x) in A, then f € L'(A) and

lim [ fiodx= [ f(x)ax

(5) Fubini’s theorem on the interchange of the order of integration:

_wa@ﬂﬂﬂwié&<Lf@JMO:ié®(éfmww),

if feLl(X xY).

Exercise 37.1. Prove the generalized Leibniz formula

2%(fg) =Y, ChaPfao P,

B<a
where the generalized binomial coefficients are defined as

Ot' a_ﬁ

B _
e = Bia_py



396 Part IV: Partial Differential Equations
Hypersurfaces

A set S C R" is called a hypersurface of class C*, k=1,2,... o, if for every xo € §
there exist an open set V C R” containing xo and a real-valued function ¢ € C*(V)
such that

Vo=(d10,...9,0) 20 on SNV,

SNV ={xeV:pkx) =0}.

By the implicit function theorem we can solve the equation ¢(x) = 0 near xp to
obtain

Xn = W(xlv"'axnfl)

for some C¥ function . A neighborhood of x( in S can then be mapped to a piece
of the hyperplane x, = 0 by

X (o — (),

where X' = (x1,...,x,—1). The vector V¢ is perpendicular to S at x € SNV. The
vector v(x), which is defined as

Vo
v(x) =+t ——,
W=y

is called the normal to S at x. It can be proved that

(Vllja _1)

VIVyP+1

If S is the boundary of a domain 2 C R", n > 2, we always choose the orientation
so that v(x) points out of , and we define the normal derivative of u on S by

v(x) ==+

du du
=v-Vu=vi—+-+v,—.
ou:=v-Vu=v, I +- 4+ o

Thus v and d,u are C*~! functions.
Example 37.1. Let S,(y) ={x€R": |x—y| =r}. Then
1 & d d

o
v =" and dy=- Y (g-y)5- =5
j=1 J
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The divergence theorem

Let 2 C R”" be a bounded domain with C' boundary S = dQ and let F be a C'

vector field on Q. Then
/ V.Fdx= /F~vdo(x)
Q s

Corollary 37.2 (Integration by parts). Let f and g be C' functions on Q. Then

/Qajﬁgdx:—/Qfﬂ/gdxf/sf-gV/dG(X)-

Let f and g be locally integrable functions on R", i.e., integrable on every bounded
set from R". The convolution f x g of f and g is defined by

(Fe9)) = [ 7lx=2)s0)dy = (g /),

provided that the integral in question exists. The basic theorem on the existence of
convolutions is the following (Young’s inequality for convolution):

Proposition 37.3 (Young’s inequality). Letr f € L'(R") and g € L(R"),
1 <p<eco Then fxge LP(R") and

1S+ &lle < 1Al llell -

Proof. Let p = oo. Then

(f*g)(x) < /R fr=y)llg)Idy < llgll - /]R [FOe=y)Idy = llgllz= I 1] -

Now let 1 < p < oo. Then it follows from Holder’s inequality and Fubini’s theorem
that

[rsowpas [ ([ f<x_y>|g<y)|dy>”dx

<[ ([ 1re y|dy) [ =5Vl
< [, [ 1re=yllet)ravas
<A [ leray [ L=y

+1
= A1 Nl 1.1 = AN gl
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Thus, we have finally

1/p'+1
1+ gl < 1AL 18l = A1 gl

and the proof is complete. ]

Exercise 37.2. Suppose 1 < p,q,r <o and %—k% = % + 1. Prove that if f € LP(R")
and g € L4(R"), then f*g € L"(R") and

178l < 171, gl -

In particular,
1F* gl < [1Fller llegll -

Definition 37.4. Letu € L'(R") with

/n u(x)dx=1.

Then ue (x) := & "u(x/€), € > 0, is called an approximation to the identity.

Proposition 37.5. Let ug(x) be an approximation to the identity. Then for every
function @ € L*(R") that is continuous at {0} we have

lim ug (x)@(x)dx = @(0).
e—0+ JRn

Proof. Since ug(x) is an approximation to the identity, we have

[, ue00d—00) = [ ue(x)(o(x) — p(0))dr,

and thus

[ et o) < [ oo - o0)as
[ helior -~ po)ax

< sup 1909~ 9(O)] [ le()lde+2lgl- [ lue()la

x<vE A>ve
< sup \(p(x)fw(o)Hlullu+2||<p||m/ |u(y)|dy — 0
[x|<ve lyl>1/ve

as € — 0.
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Example 37.6. Let u(x) be defined as

u(X) = { SmZXI Slr;x,,’ X € [Oa n]n’

Then ug(x) is an approximation to the identity and

lim (2¢) ”/ /Snﬁsm = ¢(0).

£—>0

Fourier transform

If f € L'(R"), its Fourier transform f or .Z(f) is the bounded function on R”
defined by

F&) = @m 2 [ e

Clearly f(€) is well defined for all & andHfH @) 2| f],.

The Riemann-Lebesgue lemma

If f € L'(R"), then fis continuous and tends to zero at infinity.

Proof. Let us first prove that .% f(&) is continuous (even uniformly continuous) in
R”. Indeed,

FFE+) = F O] < @m) "2 [ 1700]-Je )~ 1jdx

< hldx+2
< /‘ e Ol + /| -
SVl [ @i —0

|/ (x)|dx

as |h| — 0, since f € L'(R"). '
To prove that % f(&) — 0 as |£| — 0 we proceed as follows. Since e = —1, we
have

27 (&)= (2m) "2 ” fx)e S dx — (2m) /2 / f(x)e*i(x*m:/\ﬁ\zaé)dx

= (2717)7n/2 - f(X)eii@C"é)dx— (277:)’"/2/ (y—|—7t€/|€| Je —i(né
——@m 2 [ (flx+mE1EP) - SC0)eEa,
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Hence
27 1) < @m) "2 [ |7+ 7E/IEP) - S(0)ldx
= 2m) 2|+ 7E/IER) = FO)l|y =0
as || — oo, since f € L' (R"). O

Exercise 37.3. Prove that if f,g € L' (R"), then f g = (21)"/?fg.
Exercise 37.4. Suppose f € L!(R"). Prove the following:

(1) If fy(x) = f(x+h), then fj, = e f.

(2) If T : R" — R" is linear and invertible, then foT = |detT|_1f((T_1)’§),
where T’ is the adjoint matrix.

(3) If T is a rotation, that is, 7/ = T~! (and |detT| = 1), then fo\T = fo T.

Exercise 37.5. Prove that

~ —

0“f = (~ix)*f, 9%f = (i€)*f.
Exercise 37.6. Prove that if f,g € L'(R"), then

FERENE = [ FE)e(E)de.
Rn R}’l

For f € L'(R") we define the inverse Fourier transform of f by

)

) =) [ e pE)ae.
RYI

It is clear that

and for f,g € L'(R"),
(Zf,8)2= (7 g

The Schwartz space S(R") is defined as

S(R™) = {f € C”(R") : sup |x*9P £(x)| < oo, for all multi—indicesaandﬁ}.
xeR?

The Fourier inversion formula

If f € S(R"), then (ﬂ‘*lﬁ)f:f.

Exercise 37.7. Prove the Fourier inversion formula for f € S(R").
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Plancherel’s theorem

The Fourier transform on S extends uniquely to a unitary isomorphism of L?(R")

onto itself, i.e.,
17, = 171

This formula is called Parseval’s equality.
The support of a function f : R" — C, denoted by supp f, is the set

supp f = {x € R": f(x) £0}.

Exercise 37.8. Prove that if f € L' (R") has compact support, then fextends to an
entire holomorphic function on C".

Exercise 37.9. Prove thatif f € C5(R"), i.e., f € C*(R") with compact support, is
supported in {x € R” : |x| < R}, then for every multi-index o we have

1(8)“F(8)] < (2m) 2Rl 9% ],

~

that is, (&) is decays rapidly [Re €| — o when [Im &| remains bounded.

Distributions

We say that ¢; — ¢ in C7'(£2),  C R" open, if ¢; are all supported in a common
compact set K C 2 and

sup [0“;(x) = d%@(x)| = 0, j— oo

xekK

for all or. A distribution on £ is a linear functional u on C(£2) that is continuous,
ie.,

(1) u:Cy(8L2) — C. The action of u on ¢ € C;(£2) is denoted by (u, ®). The set
of all distributions is denoted by 2'(€2).

(2) (u,c101+c202) = c1{u, @1) +co{u, @2).

(3) If ; — @ in C5 (L), then (u, ;) — (u, ) in C as j — oo. This is equivalent to
the following condition: for all K C € there exist a constant Cx and an integer
Nk such that for all ¢ € C5(K),

(o) <Cx ¥ 9%l

o <Nk

Remark 37.7. Tfue L) _(Q), Q C R" open, then u can be regarded as a distribution

loc
(in that case, a regular distribution) as follows:
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Exercise 37.11. Prove that

(1) §=2rn) ™21, 1=2n)"?.

-~

(2) 998 = (i&)*(2m) "2,
1

3) x@=il*g (1) =ildl(2m)n/2995.

403
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(1) The eikonal equation
V2 = 2,

where Vu = (dyu,...,d,u) is the gradient of u.
(2) (a) The heat (or evolution) equation

Ur = kA u.
(b) The wave equation
Uy = P Au.
(c) The Poisson equation
Au=f,

where A =V -V =97+ -+ 92 is the Laplacian (or the Laplace operator).
(3) The telegrapher’s equation

Uy = Au— ou — mu.
(4) The Sine—Gordon equation
Uy = A Au—sinu.
(5) The biharmonic equation
A’u=A(Au) =0.
(6) The Korteweg—de Vries equation
U+ cu - Uy + Uy = 0.
In the linear case, a simple measure of the “strength” of a differential operator is
provided by the notion of characteristics. If L(x,0) = ¥4 <k @0 (x) 9%, then its char-

acteristic form (or principal symbol) at x € Q is the homogeneous polynomial of
degree k defined by

awxE) =Y ag(x)E* E€eR"

|o[=k

A nonzero & is said to be characteristic for L at x if 7 (x,&) = 0, and the set of all
such & is called the characteristic variety of L at x, denoted by char,(L). In other
words,

char, (L) ={¢ #0: x.(x,§) = 0}.

In particular, L is said to be elliptic at x if char,(L) = @ and elliptic in Q if it is
elliptic at every x € €.
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Hence
2()(1 —XZ) X1 — X2 t
- 1 -~
" xp—2 T t 2
2(x; — -2 —
_2(n X2)+1+X2 XX
X2 —2 2 X2 —2
— -2 — 2x1 —4 2
_X x2+1+x2 _X—Xx X 2x X2 + x5
X2—2 2 x2—2 2 2()62—2)

Exercise 38.1. In RZ, solve x%&lu —|—x%82u = u? with u = 1 when x, = 2x;.
Exercise 38.2. In R?, solve udu+xydou = x1 with u(xy, 1) = 2x1.

Example 38.8. Consider the Burgers equation
udiu+du=0

in R? with u(x;,0) = h(x;), where h is a known C' function. It is clear that § :=
{x € R? : x, = 0} is noncharacteristic for this quasilinear equation, since

det((l)h()lcl)> =140,

and v(x) = (0, 1). Now we have to solve the ordinary differential equations

X1=u, X=1, u=0,

with
()C] axz,u)|l:0 - (X?,O,h(x(]))) .
‘We obtain
=t u=h(), x=h0)+x,
so that

x; —xh(x) =¥ =0.

Let us assume that
—xoh) () = 1#£0.

By this condition, the last equation defines an implicit function x(l) = g(x1,x2).
Therefore, the solution u of the Burgers equation has the form

u(x1,x2) = h(g(x1,x2)).
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This problem is noncharacteristic on Rz, since A is elliptic in R2. We look for
u(x1,x2) = up(x1)uz(x2). Then
uiuy +uhuy =0,
which implies that
u// u//
L —_22_—_) =constant.

uj us

Next, the general solutions of

U = —2Auy
and
uy = Aup
are
ui = Asin(vV/Ax;) + Beos(VAx;)
and

uy = Csinh(VAxy) + Dcosh(VAx,),

respectively. But u(0) = 0,u5(0) =1 and u;(x;) = ke’\/%sin(kxl). Thus D = 0,

B=0,k=v2A,A=ke Vk and C = % = ﬁ So we finally have

1
u(xy,x) = ke vk sin(kxr)  sinh(kx) = e V¥sin(kx; ) sinh(kx» ).

As k — oo, the Cauchy data and their derivatives (for x, = 0) of all orders tend
uniformly to zero, since e Vk decays faster than polynomially. But if x; # 0 (more
precisely, x, > 0), then

kliT e*‘/ﬁsin(kxl ) sinh(kx; ) = oo,

if we choose, for example, x, = 1 and x(lk) = m/(2k) + 2m. Hence u(x,x2) is not
bounded. But the solution of the original problem that corresponds to the limiting
case k = oo is of course u = 0, since u(x;,0) = 0 and dru(x,0) = 0 in the limiting
case. Hence the solution of the Cauchy problem may not depend continuously on
the Cauchy data. This means by Hadamard that the Cauchy problem for elliptic
operators is “ill-posed,” even when this problem is noncharacteristic.

Remark 38.14. This example of Hadamard’s shows that the solution of the Cauchy
problem may not depend continuously on the Cauchy data. By the terminology of
Hadamard, “the Cauchy problem for the Laplacian is not well posed, but it is ill
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3) n#2,4:
o

24—-n)2—n)o,

Exercise 39.14. Show that (47|x|)~'e "l is the fundamental solution for —A + ¢?
on R? for an arbitrary constant ¢ € C.
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—sup ([ letx—r0)—elIP 0

xeR?

+ |g<x—zz>—g<x>||P1<z>dz)

lZ|>R

< swp fgle—r)—gl+2lel. [ IAEId<e
xER™ |z|<R [z]>R

for ¢ sufficiently small.

The first term in the sum on the last line can be made less than £/2, since g is
uniformly continuous on R”. The second term can be made less than £ /2 for R large
enough, since P, € L'(R"). Thus, the theorem is proved. O

Remark 40.8. The solution of this problem is not unique: if u(x,t) is a solution,
then so is u(x,t) 4 ct for all ¢ € C. However, we have the following theorem.

Theorem 40.9. [f g € C(R") and limy_.. g(x) = 0, then u(x,t) := (g*F)(x) — 0
as (x,t) — e in R'ﬁ], and it is the unique solution with this property.

Proof. Assume for the moment that g has compact support, say g = 0 for |x| > R.
Then g € L' (R") and

lg* Bl < llglly 1Pl < ™,

so u(x,t) — 0 as t — e uniformly in x. On the other hand, if 0 <7 < T, then

2t o
u(x,t)| < [|gll; sup [P(x—y)| = lgll; sup ot << !
yl<Rr <R @pp1 (Jx—y2 +12) 2

for |x| > 2R. Hence u(x,7) — 0 as x — oo uniformly for 7 € [0, T]. This proves that
u(x,t) vanishes at infinity if g(x) has compact support. For general g, choose a se-
quence {g;} of compactly supported functions that converges uniformly (in L (R"))
to g and let

e (x,1) = (8 * Fr) (x).

Then

[ o= 00)R G-

n

H”k_u”L“'(]R”“) = Sup
X
< sup (g #lseuoysup | 12059l )
t X Rll
= I8k — 8l = () SUP / [P()Idy = llgk — 8l =) — 0
>0 JR?

as k — oo,


















Chapter 41
Layer Potentials

In this chapter we assume that {2 C R”, n > 2 is bounded and open, ind that S =0Q
is a surface of class C2. We assume also that both  and Q' := R\ Q are connected.

Definition 41.1. Let v(x) be a normal vector to S at x. Then

dy_u(x) := lim v(x)-Vu(x+1v(x)),

t—0—

0, 1(x) = lim V() Vula-+1v(x),

are called the interior and exterior normal derivatives, respectively, of u.

The interior Dirichlet problem (ID)

Given f € C(S), find u € C?(2)NC(Q) such that Au=01in  and u = f on S.
The exterior Dirichlet problem (ED)

Given f € C(S), find u € C>(Q")NC(Q’) such that Au =0 in Q' and at infinity and
u=fonsS.

Definition 41.2. A function u is said to be harmonic at infinity if
|x|2—nu (xz) _ 0(|x|27n)7 n 7é 2
[ o(loglx[), n=2

Remark 41.3. This definition implies the following behaviour of u at infinity

u(v) = o(1), n#2
(y){oaogwn, n=2

as x — 0.

asy — oo.
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7], g < eMsllimgs [ 2o = Ul

For 1 < p < oo part (1) follows now by interpolation.
For part (2), let € > 0 and set

I(Xy): I('x7y)7 |)C—y|>£7
e 0, |x—y| <e.

Since I is bounded on § xS, it follows that IAS is a Hilbert—Schmidt operator in
L2(S), so that I is compact for each & > 0.

Exercise 41.3. Prove that a Hilbert—Schmidt operator, i.e., an integral operator
whose kernel /(x,y) satisfies

[ [ 116e) Paxdy < .
SJS

is compact in L*(S).

On the other hand, due to estimates for convolution,

o < ( [/ If(y)llx—y"‘dc(y)>2d0(x)>

i
<clfllag [ 200, e 0.

1/2

|7 —Fer

Thus, 7 as the limit of I, is also compact in L2(S). O
Lemma 41.11.

(1) Iflis a continuous kernel of order o, 0 < ox <n— 1, then IAtransforms bounded
Jfunctions into continuous functions.
(2) If1is as in part (1), then u-+1Iu € C(S) for u € L*(S) implies u € C(S).

Proof. Let |x—y| < &. Then
|1Af(X) —IAf(Y)‘ < /_;ll(x,d —I(32)|lf(2)|do(2)

: /Ix—z|<25 ([1(x,2)| + 1(»2)) [ f()|do(2)

" /S\{\x—z\<25} [1(x,2) = 1(32)[|f(2)|do(2)

§C||f||oo/ (x—z] % +|y—z]"*)do(z)
[x—z]<26

+/S\{\x7‘<25} l(x,2) —I(y,2)||f(2)|do(z) =: I + I>.
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if and only if A(Adyu; + Aup) = AjAuy + ArAuy. The boundedness follows from
1 Au]l? = (Au, Au) = a(u, Au) < M ||u|| | Au|],

which implies ||Au|| < M ||u||. Let us note that a(u,Au) is real and positive here.
Next we show that A is one-to-one and that the range of A is equal to H. Indeed,

2
Bllull” < lau,u)| = [(Au, u)| < [[Aul] |[u]

implies that 3 ||u|| < ||Au|| < M ||u||. The first inequality implies that A is one-to-one
and R(A) = R(A). Now we will show that in fact, R(A) = H. Let w € R(A)*. Then

BIwl < la(w.w)| = |(Aw,w)| =0,

and therefore w = 0, i.e., R(A) = H = R(A). Next, again due to the Riesz—Fréchet
theorem for F' we have that there is a unique w € H such that

F(v)=(w,v), veEH,

and ||w|| = ||F||y_c. But since R(A) = H, we may find u € H such that Au = w if
and only if
a(u,v) = (Au,v) = (w,v) = F(v),

which proves the solvability in this theorem. Furthermore,

1
B

Finally, we need to show that this element u is unique. If there are two elements u
and u; such that

1 ~ 1
ul| < < |JAu|l = < Wl = < |IF]-
lull = g llAulf = g Il = 5 1IFl

Cl(ul,V) = F(V), (1(142,\/) = F(V)7
then a(u; —uy,v) = 0 for all v € H, and therefore
Bl —wa* < la(ur —uz,u1 —u)| = 0.

This completes the proof. (]

Remark 42.10. The Lax—Milgram theorem actually says that the operator A that
was constructed there has a bounded inverse such that

1

A N < 5

where 3 is the same as in condition (2).





















