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Preface

The modern theory of analysis and differential equations in general certainly in-
cludes the Fourier transform, Fourier series, integral operators, spectral theory of
differential operators, harmonic analysis and much more. This book combines all
these subjects based on a unified approach that uses modern view on all these
themes. The book consists of four parts: Fourier series and the discrete Fourier
transform, Fourier transform and distributions, Operator theory and integral equa-
tions and Introduction to partial differential equations and it outgrew from the half-
semester courses of the same name given by the author at University of Oulu, Fin-
land during 2005–2015.

Each part forms a self-contained text (although they are linked by a common
approach) and can be read independently. The book is designed to be a modern
introduction to qualitative methods used in harmonic analysis and partial differential
equations (PDEs). It can be noted that a survey of the state of the art for all parts of
this book can be found in a very recent and fundamental work of B. Simon [35].

This book contains about 250 exercises that are an integral part of the text. Each
part contains its own collection of exercises with own numeration. They are not only
an integral part of the book, but also indispensable for the understanding of all parts
whose collection is the content of this book. It can be expected that a careful reader
will complete all these exercises.

This book is intended for graduate level students majoring in pure and applied
mathematics but even an advanced researcher can find here very useful information
which previously could only be detected in scientific articles or monographs.

Each part of the book begins with its own introduction which contains the facts
(mostly) from functional analysis used thereinafter. Some of them are proved while
the others are not.

The first part, Fourier series and the discrete Fourier transform, is devoted to
the classical one-dimensional trigonometric Fourier series with some applications
to PDEs and signal processing. This part provides a self-contained treatment of all
well known results (but not only) at the beginning graduate level. Compared with
some known texts (see [12, 18, 29, 35, 38, 44, 45]) this part uses many function
spaces such as Sobolev, Besov, Nikol’skii and Hölder spaces. All these spaces are





manifolds. The central point of this consideration is the Riesz theory of compact
(not necessarily self-adjoint) operators in Hilbert and Banach spaces. In order to
keep this part short, some proofs will not be given, nor will all theorems be proved
in complete generality. For many details of these integral equations we recommend
[22]. We are able to investigate in quite simple manner one-dimensional Volterra in-
tegral equations with weak singularities in L∞(a,b) and singular integral equations
in the periodic Hölder spaces Cα [−a,a]. Concerning approximation methods our
considerations use the general theory of bounded or compact operators in Hilbert
spaces and we follow mostly the monograph of Kress [22].

The fourth part, Introduction to partial differential equations, serves as an in-
troduction to modern methods for classical theory of partial differential equations.
Fourier series and Fourier transform play crucial role here too. An important (and
quite independent) segment of this part is the self-contained theory of quasi-linear
partial differential equations of order one. The main attention in this part is devoted
to elliptic boundary value problems in Sobolev and Hölder spaces. In particular, the
unique solvability of direct scattering problem for Helmholtz equation is provided.
We investigate very carefully the mapping and discontinuity properties of double
and single layer potentials with continuous densities. We also refer to similar prop-
erties of double and single layer potentials with densities in Sobolev spaces H1/2(S)
and H−1/2(S), respectively, but will not prove any of these results, referring for their
proofs to monographs [22] and [25]. Here (and elsewhere in the book) S denotes the
boundary of a bounded domain in R

n and if the smoothness of S is not specified
explicitly then it is assumed to be such that Sobolev embedding theorem holds.
Compared with well known texts on partial differential equations some direct and
inverse scattering problems for Helmholtz, Schrödinger and magnetic Schrödinger
operators are considered in this part. As it was mentioned earlier this type of mater-
ial could not be found in textbooks. The presentation in many places of this part has
been strongly influenced by the monographs [6, 7, 11] (see also [8, 16, 24, 36, 40]).

In closing we note that this book is not as comprehensive as the fundamental
work of B. Simon [35]. But the book can be considered as a good introduction to
modern theory of analysis and differential equations and might be useful not only
to students and PhD students but also to all researchers who have applications in
mathematical physics and engineering sciences. This book could not have appeared
without the strong participation, both in content and typesetting, of my colleague
Adj. Prof. Markus Harju. Finally, a special thanks to professor David Colton from
University of Delaware (USA) who encouraged the writing of this book and who
has supported the author very much over the years.

Oulu, Finland Valery Serov
June 2017









Part I
Fourier Series and the Discrete Fourier

Transform



























2 Formulation of Fourier Series 15

Exercise 2.4. Suppose that

f (x) =

{
1− x, 0 ≤ x ≤ 1,

0, 1< x ≤ 2.

Find the Fourier cosine and sine series of f (x).

Exercise 2.5. Find the Fourier series of f (x) = cos(x/2), |x| ≤ π . Using this series,
show that

(1) π = 2+
∞

∑
k=1

(−1)k+1

k2 −1/4
;

(2)
π
4
=

∞

∑
k=1

(−1)k+1

2k−1
;

(3)
1
2
=

∞

∑
k=1

1
4k2 −1

.

Exercise 2.6. Show that if N is odd, then sinN x can be written as a finite sum of the
form

N

∑
k=1

ak sinkx,

which means that this finite sum is the Fourier series of sinN x and the coefficients
ak (which are real) are the Fourier coefficients of sinN x.

Exercise 2.7. Show that if N is odd, then cosN x can be written as a finite sum of
the form

N

∑
k=1

ak coskx.



Chapter 3
Fourier Coefficients and Their Properties

Definition 3.1. A trigonometric series

∞

∑
n=−∞

cne
inx

is said to

(1) converge pointwise if for each x ∈ [−π,π] the limit

lim
N→∞ ∑

|n|≤N

cne
inx

exists,
(2) converge uniformly in x ∈ [−π,π] if the limit

lim
N→∞ ∑

|n|≤N

cne
inx

exists uniformly,
(3) converge absolutely if the limit

lim
N→∞ ∑

|n|≤N

|cn|

exists, or equivalently, if
∞

∑
n=−∞

|cn| < ∞.

These three different types of convergence appear frequently in the sequel, and they
are presented above from the weakest to the strongest. In other words, absolute
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Chapter 5
Fejér Means of Fourier Series. Uniqueness
of the Fourier Series.

Let us denote the partial sum of the Fourier series of f ∈ L1(−π,π) (not necessarily
periodic) by

SN( f ) := ∑
|n|≤N

cn( f )einx

for each N = 0,1,2, . . .. The Fejér means are defined by

σN( f ) :=
S0( f )+ · · ·+SN( f )

N +1
.

Writing this out in detail, we see that

(N +1)σN( f ) =
N

∑
n=0

∑
|k|≤n

ck( f )eikx = ∑
|k|≤N

N

∑
n=|k|

ck( f )eikx

= ∑
|k|≤N

(N +1−|k|)ck( f )eikx,

which gives the useful representation

σN( f ) = ∑
|k|≤N

(
1− |k|

N +1

)
ck( f )eikx. (5.1)

The Fejér kernel is

KN(x) := ∑
|k|≤N

(
1− |k|

N +1

)
eikx. (5.2)

c© Springer International Publishing AG 2017
V. Serov, Fourier Series, Fourier Transform and Their Applications
to Mathematical Physics, Applied Mathematical Sciences 197,
DOI 10.1007/978-3-319-65262-7 5

27

















Chapter 7
The Fourier Series of a Square-Integrable
Function. The Riesz–Fischer Theorem.

The set of square-integrable functions L2(−π,π) is an inner product space (linear
Euclidean space) equipped with the inner product

( f ,g)L2(−π,π) =
1

2π

∫ π

−π
f (x)g(x)dx.

We can measure the degree of approximation by the (square of) mean square dis-
tance

1
2π

∫ π

−π
| f (x)−g(x)|2dx = ( f −g, f −g)L2(−π,π).

In particular, if g(x) =∑|n|≤N bneinx is a trigonometric polynomial, then this distance
can be written as

1
2π

∫ π

−π
| f (x)|2dx+

1
2π

∫ π

−π
|g(x)|2dx− 1

2π
2Re

∫ π

−π
f (x)g(x)dx,

or

1
2π

∫ π

−π
| f (x)|2dx

+
1

2π

∫ π

−π
∑

|n|≤N

bneinx ∑
|k|≤N

bke−ikxdx− 1
2π

2Re
∫ π

−π
f (x) ∑

|n|≤N

bne−inxdx

=
1

2π

∫ π

−π
| f (x)|2dx+

1
2π ∑

|n|≤N

|bn|2
∫ π

−π
dx−2Re ∑

|n|≤N

bncn( f )

=
1

2π

∫ π

−π
| f (x)|2dx+ ∑

|n|≤N

|bn|2 −2Re ∑
|n|≤N

bncn( f )+ ∑
|n|≤N

|cn( f )|2 − ∑
|n|≤N

|cn( f )|2.
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48 Part I: Fourier Series and the Discrete Fourier Transform

Letting h → 0 yields
∞

∑
n=−∞

|n|2k|cn( f )|2 ≤C

i.e., f ∈Wk
2 (−π,π). For noninteger α one needs to interpolate between the spaces

C[α][−π,π] and C[α]+1[−π,π].
Now let us consider the second claim. As above, for f ∈Cα [−π,π], we have

1
2π

∫ π

−π
| f (k)(x+h)− f (k)(x)|2dx ≤C|h|2(α−k),

where k = [α] if α is not an integer and k = α −1 if α is an integer. By Parseval’s
equality,

∞

∑
n=−∞

|n|2k|cn( f )|2|einh −1|2 ≤C|h|2(α−k),

or

2
∞

∑
n=−∞

|n|2k|cn( f )|2(1− cos(nh)) ≤C|h|2(α−k).

It suffices to consider h> 0. If we integrate the last inequality with respect to h> 0
from 0 to l, then

∞

∑
n=−∞

|n|2k|cn( f )|2
(
1− sin(nl)

nl

)
≤Cl2(α−k).

It follows that

∑
2≤|n|l≤4

|n|2k|cn( f )|2 ≤Cl2(α−k)

or equivalently,

∑
2≤|n|l≤4

|n|2kl2(k−α)|cn( f )|2 ≤C,

where the constant C > 0 does not depend on l. Since 2(k−α)< 0, it follows that

∑
2/l≤|n|≤4/l

|n|2α |cn( f )|2 ≤C

for every l > 0. Choosing l = 2− j+1, we obtain

∑
2 j≤|n|≤2 j+1

|n|2α |cn( f )|2 ≤C

i.e., f ∈ Hα
2 (−π,π). This completes the proof. �
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∑
|m|≥n

|cm( f )| ≤
∞

∑
j= j0

2 j0∼n

⎛
⎝ ∑

2 j≤|m|<2 j+1

|m|2α |cm( f )|2
⎞
⎠

1
2
⎛
⎝ ∑

2 j≤|m|<2 j+1

|m|−2α

⎞
⎠

1
2

≤C
∞

∑
j= j0

2 j0∼n

⎛
⎝ ∑

2 j≤|m|<2 j+1

|m|−2α

⎞
⎠

1/2

≤C
∞

∑
j= j0

2 j0∼n

2−(α−1/2) j ≤Cn−(α−1/2),

i.e., we have again that f ∈Cα−1/2[−π,π].
For the case [α] = k ≥ 1, α is not an integer, and α − 1/2 is not an integer, we

consider two cases: 0< {α} < 1/2 and 1/2< {α} < 1. In the first case we have

∑
|m|≥n

|m|k−1|cm( f )| ≤

∞

∑
j= j0

2 j0∼n

⎛
⎝ ∑

2 j≤|m|<2 j+1

|m|2k+2{α}|cm( f )|2
⎞
⎠

1/2⎛
⎝ ∑

2 j≤|m|<2 j+1

|m|−2−2{α}
⎞
⎠

1/2

≤C
∞

∑
j= j0

2 j0∼n

2− j− j{α}2 j/2 ≤Cn−1/2−{α}.

This means again that f ∈ Ck−1+1/2+{α}[−π,π] = Cα−1/2[−π,π]. In the second
case, 1/2< {α} < 1, we proceed as follows:

∑
|m|≥n

|m|k|cm( f )| ≤

∞

∑
j= j0

2 j0∼n

⎛
⎝ ∑

2 j≤|m|<2 j+1

|m|2k+2{α}|cm( f )|2
⎞
⎠

1/2⎛
⎝ ∑

2 j≤|m|<2 j+1

|m|−2{α}
⎞
⎠

1/2

≤C
∞

∑
j= j0

2 j0∼n

2−({α}−1/2) j ≤Cn−{α}+1/2.

This means that f ∈ Ck+{α}−1/2[−π,π] = Cα−1/2[−π,π]. Hence, the theorem is
completely proved. �

Corollary 8.8. Assume that α = k+1/2 for some integer k ≥ 1. Then

Hα
2 (−π,π) ⊂Cβ−1/2[−π,π]

for every 1/2< β < α .















































74 Part I: Fourier Series and the Discrete Fourier Transform

Then

|I1| ≤ π
2

[
1
|x|

]

∑
n=M+2

n log(1+1/(n+1))
(n+1) log(1+n) log(2+n)

<
π
2

[
1
|x|

]

∑
n=M+2

n 1
n

n log2 n

<
π
2

∞

∑
n=M+2

1

n log2 n
→ 0 (10.25)

as M → ∞ uniformly in x. In the first case, for I2 we have, by integration by parts,
that

|I2| ≤ π
2

[
1
|x|

]

∑
n=M+2

n n+1
2 |x|

n(n+1) log(1+n)
=

π
4

|x|

[
1
|x|

]

∑
n=M+2

1
log(1+n)

<
π
4

|x|
∫ 1/|x|

M+2

dt
log t

=
π
4

|x|
(

t
log t

∣∣∣∣
1/|x|

M+2
+

∫ 1/|x|

M+2

dt

log2 t

)

=
π
4

|x|
(

1/|x|
log(1/|x|) − M+2

log(M+2)
+

∫ 1/|x|

M+2

dt

log2 t

)

≤ π
4

(
1

log(1/|x|) +
|x|(M+2)
log(M+2)

+
|x|

log2(M+2)
(1/|x|+M+2)

)

<
π
4

(
1

log(M+2)
+

1
log(M+2)

+
1

log2(M+2)
+

1

log2(M+2)

)

≤ π
log(M+2)

→ 0

uniformly in x as M → ∞. In the second case,

∣∣∣∣ sin(nx/2)sin((n+1)x/2)
sinx/2

∣∣∣∣ ≤ 1
|sinx/2| ≤ π

|x| ≤ πn.

Then

|I1| ≤ π
N+1

∑
n=

[
1
|x|

]
n log(1+1/(n+1))

(n+1) log(1+n) log(2+n)
< π

N+1

∑
n=

[
1
|x|

]
n 1

n

n log2 n

< π
∞

∑
n=

[
1
|x|

]
≥M

1

n log2 n
→ 0, M → ∞

uniformly in x. For I2 we have, by integration by parts,



















84 Part I: Fourier Series and the Discrete Fourier Transform

Exercise 11.3. (1) Show that

F
(
{ak}N/2−1

k=−N/2

)
n
=

⎧⎨
⎩
1, a= ei

2πn
N ,

1
N (−1)n a

−N/2−aN/2

1−ae−i 2πn
N

, a �= ei
2πn
N .

(2) If a sequence Y = {Yk}N/2−1
k=−N/2 is real, then show that

F (Y )n =F (Y )N−n.



Chapter 12
Connection Between the Discrete Fourier
Transform and the Fourier Transform.

If a function f (x) is integrable over the whole line, i.e.,

∫ ∞

−∞
| f (x)|dx< ∞,

then its Fourier transform is defined as

F f (ξ ) = f̂ (ξ ) :=
1√
2π

∫ ∞

−∞
f (x)e−ixξdx.

Similarly, the inverse Fourier transform of an integrable function g(ξ ) is defined as

F−1g(x) :=
1√
2π

∫ ∞

−∞
g(ξ )eixξdξ .

Theorem 12.1 (Riemann–Lebesgue lemma). For an integrable function f (x), its
Fourier transformF f (ξ ) is continuous, and

lim
ξ→±∞

F f (ξ ) = 0.

Proof. Since eiπ = −1, we have

f̂ (ξ ) = − 1√
2π

∫ ∞

−∞
f (x)e−ixξ+iπdx= − 1√

2π

∫ ∞

−∞
f (y+π/ξ )e−iξydy.

This fact implies that

−2 f̂ (ξ ) =
1√
2π

∫ ∞

−∞
( f (x+π/ξ )− f (x))e−iξxdx.
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86 Part I: Fourier Series and the Discrete Fourier Transform

Hence

2| f̂ (ξ )| ≤ 1√
2π

∫ ∞

−∞
| f (x+π/ξ )− f (x)|dx → 0

as |ξ | → ∞, since f is integrable on the whole line. This is a well known property of
integrable functions. Continuity of f̂ (ξ ) follows from the representation

f̂ (ξ +h)− f̂ (ξ ) =
1√
2π

∫ ∞

−∞
f (x)e−ixξ (e−ixh −1)dx

and its consequence

| f̂ (ξ +h)− f̂ (ξ )|
≤ 1√

2π

∫
|xh|<δ

| f (x)||e−ixh −1|dx+ 2√
2π

∫
|xh|>δ

| f (x)|dx=: I1+ I2.

For the first term I1 we have the estimate

I1 ≤ 1√
2π

∫
|xh|<δ

| f (x)||xh|dx< δ√
2π

∫ ∞

−∞
| f (x)|dx → 0, δ → 0.

For the second term I2 we have

I2 =
2√
2π

∫
|x|>δ/|h|

| f (x)|dx → 0

as |h| → 0. If we choose δ = |h|1/2, then both I1 and I2 tend to zero as |h| → 0. This
completes the proof. �

If a function f (x) has integrable derivatives f (k)(x) of order k = 0,1,2, . . . ,m, then
we say that f belongs to the Sobolev spaceWm

1 (R).

Exercise 12.1. Prove that if f ∈W 1
1 (R), then limx→±∞ f (x) = 0.

Theorem 12.2 (Fourier inversion formula). Suppose that f belongs to W 1
1 (R).

Then
F−1(F f )(x) = f (x)

at every point x ∈ R.

Proof. First we prove that

∫ ∞

−∞
f (x)ĝ(x)dx=

∫ ∞

−∞
f̂ (ξ )g(ξ )dξ

for every pair of integrable functions f and g. Indeed,
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then
∞

∑
n=−∞

f (x+2πn) =
1√
2π

∞

∑
m=−∞

F f (m)eimx. (13.2)

In particular, fp(x) is continuous, and we have the Poisson identity

∞

∑
n=−∞

f (2πn) =
1√
2π

∞

∑
m=−∞

F f (m). (13.3)

Proof. Since f ∈ L1(R), we have

∫ π

−π
| fp(x)|dx ≤

∫ π

−π

∞

∑
n=−∞

| f (x+2πn)|dx=
∞

∑
n=−∞

∫ π

−π
| f (x+2πn)|dx

=
∞

∑
n=−∞

∫ π+2πn

−π+2πn
| f (t)|dt =

∫ ∞

−∞
| f (t)|dt < ∞.

This shows that fp is finite almost everywhere and integrable on [−π,π]. Applying
the same calculation to fp(x)e−imx allows us to integrate term by term to obtain

cm( fp) =
1
2π

∫ π

−π
fp(x)e−imxdx=

∞

∑
n=−∞

1
2π

∫ π

−π
f (x+2πn)e−imxdx

=
∞

∑
n=−∞

1
2π

∫ π+2πn

−π+2πn
f (t)e−im(t−2πn)dt

=
1√
2π

∞

∑
n=−∞

1√
2π

∫ π+2πn

−π+2πn
f (t)e−imtdt

=
1√
2π

1√
2π

∫ ∞

−∞
f (t)e−imtdt =

1√
2π

F f (m).

Now, if the series
∞

∑
m=−∞

|F f (m)|

converges, then that convergence is equivalent to the fact that

∞

∑
m=−∞

|cm( fp)| < ∞.

Thus, fp(x) can be represented by its Fourier series at least almost everywhere (and
we can redefine fp(x) so that this representation holds pointwise), i.e.,

fp(x) =
∞

∑
m=−∞

cm( fp)eimx.
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with arbitrary constants cm. To satisfy the initial condition we have

f (x) =
∞

∑
m=1

cm sin
(2m−1)πx

2L
, 0 ≤ x ≤ L.

This is a Fourier sine series but in some specific form. We show that the coefficients
cm can be calculated as

cm =
2
L

∫ L

0
f (x)sin

(2m−1)πx
2L

dx,

and such a representation is possible.
In order to prove this, let us first extend f (x) to the interval 0 ≤ x ≤ 2L so that

it is symmetric about x = L, i.e., f (2L − x) = f (x) for 0 ≤ x ≤ L. We then extend
the resulting function to the interval (−2L,0) as an odd function and elsewhere as a
periodic function f̃ of period 4L. In this procedure we need to define

f̃ (0) = f̃ (2L) = f̃ (−2L) = 0.

Then the Fourier series contains only sines:

f̃ (x) =
∞

∑
n=1

cn sin
nπx
2L

,

with the Fourier coefficients

cn =
2
2L

∫ 2L

0
f̃ (x)sin

nπx
2L

dx.

Let us show that cn = 0 for even n = 2m. Indeed,

c2m =
1
L

∫ 2L

0
f̃ (x)sin

mπx
L

dx

=
1
L

∫ L

0
f (x)sin

mπx
L

dx+
1
L

∫ 2L

L
f (2L− x)sin

mπx
L

dx

=
1
L

∫ L

0
f (x)sin

mπx
L

dx− 1
L

∫ 0

L
f (y)sin

mπ(2L− y)
L

dy

=
1
L

∫ L

0
f (x)sin

mπx
L

dx+
1
L

∫ 0

L
f (y)sin

mπy
L

dy = 0,

which is why

f̃ (x) =
∞

∑
m=1

c2m−1 sin
(2m−1)πx

2L
,
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where

c2m−1 =
1
L

∫ 2L

0
f̃ (x)sin

(2m−1)πx
2L

dx

=
1
L

∫ L

0
f (x)sin

(2m−1)πx
2L

dx+
1
L

∫ 2L

L
f (2L− x)sin

(2m−1)πx
2L

dx

=
2
L

∫ L

0
f (x)sin

(2m−1)πx
2L

dx,

as claimed. Let us remark that the series

∞

∑
m=1

cm sin
(2m−1)πx

2L

represents f (x) on (0,L].

Remark 14.5. For the boundary conditions

ux(0, t) = u(L, t) = 0

the function f (x)must be extended to the interval 0≤ x ≤ 2L as f (x) =− f (2L−x)
with f (L) = 0. Furthermore, f̃ is an even extension to the interval (−2L,0). Then
the corresponding Fourier series represents f (x) on the interval [0,L).

Exercise 14.3. (1) Let u(x, t) satisfy

⎧
⎪⎨

⎪⎩

uxx = ut , 0< x < 1, t > 0,

u(0, t) = u(1, t) = 0, t ≥ 0,

u(x,0) = f (x), 0 ≤ x ≤ 1,

where f ∈ C[0,1]. Show that for every T ≥ 0 we have

∫ 1

0
|u(x,T )|2dx ≤

∫ 1

0
| f (x)|2dx.

Hint: Use the identity 2u(ut −uxx) = ∂tu2 −∂x(u ·ux)+2(ux)2.
(2) Use Fourier’s method to solve

⎧
⎪⎨

⎪⎩

uxx = ut , 0< x < 1, t > 0,

u(0, t) = u(1, t),ux(0, t) = ux(1, t) t ≥ 0,

u(x,0) = f (x), 0 ≤ x ≤ 1,

where f ∈ C[0,1] with piecewise continuous derivative.
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is called a natural mode of vibration and is periodic in both the space variable x
and time variable t. The spatial period 2L

n in x is called the wavelength, while the
numbers nπa

L are called the natural frequencies.

Exercise 14.4. Find a solution of the problem

⎧
⎪⎨

⎪⎩

uxx = utt ,0< x < 1, t > 0,

u(0, t) = u(1, t) = 0, t ≥ 0,

u(x,0) = x(1− x),ut(x,0) = sin(7πx),

using the method of separation of variables.

If we compare the two series

u(x, t) =
∞

∑
n=1

sin
nπx

L

(
an cos

nπat
L

+bn sin
nπat

L

)
,

u(x, t) =
∞

∑
n=1

cn sin
nπx

L
e−( nπα

L )2t

for the wave and heat equations, we see that the second series has an exponential
factor that decays rapidly with n for every t > 0. This guarantees convergence of the
series as well as the smoothness of the sum. This is no longer true for the first series,
because it contains only oscillatory terms that do not decay with increasing n. This
means that the solution of the heat equation is a C∞ function in the corresponding
domain, but the solution of the wave equation is not necessarily smooth.

The boundary value problem for the wave equation with free ends of the string
can be formulated as follows:

⎧
⎪⎨

⎪⎩

a2uxx = utt ,0< x < L, t > 0,

ux(0, t) = ux(L, t) = 0, t ≥ 0,

u(x,0) = f (x),ut(x,0) = g(x),0 ≤ x ≤ L.

Let us first note that the boundary conditions imply that f (x) and g(x) must satisfy

f ′(0) = f ′(L) = g′(0) = g′(L) = 0.

The method of separation of variables gives that the eigenvalues are

λn =
(nπ

L

)2
, n = 0,1,2, . . . ,

and the formal solution u(x, t) is

u(x, t) =
b0t +a0

2
+

∞

∑
n=1

cos
nπx

L

(
an cos

nπat
L

+bn sin
nπat

L

)
.
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The initial conditions are satisfied when

f (x) =
a0
2
+

∞

∑
n=1

an cos
nπx

L

and
g(x) =

b0
2
+

∞

∑
n=1

bn
nπa

L
cos

nπx
L

,

where

an =
2
L

∫ L

0
f (x)cos

nπx
L

dx, n = 0,1,2, . . . ,

b0 =
2
L

∫ L

0
g(x)dx,

and

bn =
2

nπa

∫ L

0
g(x)cos

nπx
L

dx, n = 1,2, . . . .

Exercise 14.5. (1) Show that there is no uniqueness for the problem

⎧
⎪⎨

⎪⎩

uxx = utt , 0< x < L, t > 0,

u(0, t) = u(L, t),ux(0, t) = ux(L, t), t ≥ 0,

u(x,0) = f (x),ut(x,0) = g(x), 0 ≤ x ≤ L,

i.e., this problem is ill posed.
(2) Find a solution of the problem

⎧
⎪⎨

⎪⎩

uxx = utt , 0< x < L, t > 0,

ux(0, t) = u(L, t) = 0, t ≥ 0,

u(x,0) = f (x),ut(x,0) = g(x), 0 ≤ x ≤ L.

Let us consider the wave equation on the whole line. It corresponds, so to speak,
to an infinite string. In that case we no longer have the boundary conditions, but we
have the initial conditions

{
a2uxx = utt ,−∞ < x < ∞, t > 0,

u(x,0) = f (x),ut(x,0) = g(x).
(14.34)

Proposition 14.6. The solution u(x, t) of the wave equation is of the form

u(x, t) = ϕ(x−at)+ψ(x+at),

where ϕ and ψ are two arbitrary C2 functions of one variable.







120 Part I: Fourier Series and the Discrete Fourier Transform

We can also apply d’Alembert’s formula to the finite string. Consider again the
boundary value problem with homogeneous boundary conditions with fixed ends of
the string:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

a2uxx = utt ,0< x < L, t > 0,

u(0, t) = u(L, t) = 0, t ≥ 0,

u(x,0) = f (x),ut(x,0) = g(x),0 ≤ x ≤ L,

f (0) = f (L) = g(0) = g(L) = 0.

Let h(x) be the function defined for all x ∈ R such that

h(x) =

{
f (x), 0 ≤ x ≤ L,

− f (−x), −L ≤ x ≤ 0,

and h(x) is 2L-periodic, and let k(x) be the function defined for all x ∈ R such that

k(x) =

{
g(x), 0 ≤ x ≤ L,

−g(−x), −L ≤ x ≤ 0,

and k(x) is 2L-periodic. Let us also assume that f and g areC2 functions on the inter-
val [0,L]. Then the solution to the boundary value problem is given by d’Alembert’s
formula

u(x, t) =
1
2
(h(x−at)+h(x+at))+

1
2a

∫ x+at

x−at
k(s)ds.

Remark 14.8. It can be checked that this solution is equivalent to the solution given
by the Fourier series.

Exercise 14.8. Prove that

u(x, t) =
1
2
( f (x−at)+ f (x+at))+

1
2a

∫ x+at

x−at
g(s)ds

− 1
2a

∫ t

0

∫ x+a(t−τ)

x−a(t−τ)
F(s,τ)dsdτ

solves {
a2uxx = utt +F(x, t), −∞ < x < ∞, t > 0,

u(x,0) = f (x),ut(x,0) = g(x), −∞ < x < ∞.

Example 14.9. (Linearized system of the equation of gas dynamics) The isen-
tropic (the entropy is assumed to be constant) flow of an inviscid gas in the one-
dimensional case satisfies the nonlinear equations
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⎧
⎨

⎩

ut +u ·ux +
c2

ρ
ρx = 0,

ρt +u ·ρx +ρux = 0, −∞ < x < ∞, t > 0,

where u(x, t) is the velocity of the gas at x and time t, ρ(x, t) is the density, and
c = c(ρ) is the known local speed of sound.

As a first step in understanding the general nature of solutions to this system we
assume that u(x, t) and ρ(x, t) are not very different from their values at time t = 0
and that these values and their derivatives are “small.” Neglecting products of terms
of “small” order, we arrive at the linear system (which is the linearization of the
original system)

⎧
⎨

⎩

ut +
c20
ρ0

ρx = 0,

ρt +ρ0ux = 0,
so

⎧
⎨

⎩

c0ρxx = ρtt ,

c20
ρ0

uxx = utt ,

where ρ0 is the density of the fluid at rest and c0 = c(ρ0). This is just a wave equation
for ρ and u. Thus we have that

u(x, t) =
c0√ρ0

( f (x− c0t)+g(x+ c0t))

ρ(x, t) =
√

ρ0 ( f (x− c0t)−g(x+ c0t)) ,

where f and g are arbitrary C2 functions, and they are the same here due to the
linearized system. If in addition

u(x,0) = ϕ1(x), ρ(x,0) = ϕ2(x),

then

u(x, t) =
1
2
(ϕ1(x− c0t)+ϕ1(x+ c0t))+

c0
2ρ0

(ϕ2(x− c0t)−ϕ2(x+ c0t)) ,

ρ(x, t) =
1
2
(ϕ2(x− c0t)+ϕ2(x+ c0t))+

ρ0

2c0
(ϕ1(x− c0t)−ϕ1(x+ c0t)) .

14.3 The Laplace Equation in a Rectangle and in a Disk

One of the most important of all partial differential equations in applied mathematics
is the Laplace equation:

uxx +uyy = 0 2D equation,

uxx +uyy +uzz = 0 3D equation.
(14.36)
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Chapter 15
Introduction

In this part we assume that the reader is familiar with the following concepts:

(1) Metric spaces and their completeness.
(2) The Lebesgue integral in a bounded domain Ω ⊂ R

n and in Rn.
(3) The Banach spaces (Lp, 1 ≤ p ≤ ∞, Ck) and Hilbert spaces (L2): If 1 ≤ p < ∞,

then we set

Lp(Ω) := { f : Ω → Cmeasurable : ‖ f‖Lp(Ω) :=
(∫

Ω
| f (x)|pdx

)1/p

< ∞},

while

L∞(Ω) := { f : Ω → Cmeasurable : ‖ f‖L∞(Ω) := esssup
x∈Ω

| f (x)| < ∞}.

Moreover,

Ck(Ω) := { f : Ω → C : ‖ f‖Ck(Ω) :=max
x∈Ω

∑
|α|≤k

|∂ α f (x)| < ∞},

where Ω is the closure of Ω . We say that f ∈C∞(Ω) if f ∈Ck(Ω1) for all k ∈N

and for all bounded subsets Ω1 ⊂ Ω . The space C∞(Ω) is not a normed space.
The inner product in L2(Ω) is denoted by

( f ,g)L2(Ω) =
∫

Ω
f (x)g(x)dx.

Also in L2(Ω), the duality pairing is given by

〈 f ,g〉L2(Ω) =
∫

Ω
f (x)g(x)dx.

c© Springer International Publishing AG 2017
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(4) Hölder’s inequality: Let 1 ≤ p ≤ ∞, u ∈ Lp, and v ∈ Lp′
with

1
p
+

1
p′ = 1.

Then uv ∈ L1 and

∫
Ω

|u(x)v(x)|dx ≤
(∫

Ω
|u(x)|pdx

) 1
p
(∫

Ω
|v(x)|p′

dx

) 1
p′

,

where the Hölder conjugate exponent p′ of p is obtained via

p′ =
p

p−1

with the understanding that p′ = ∞ if p= 1 and p′ = 1 if p= ∞.
(5) Lebesgue’s dominated convergence theorem:

Let A ⊂ R
n be measurable and let { fk}∞

k=1 be a sequence of measurable func-
tions converging to f (x) pointwise in A. If there exists a function g∈ L1(A) such
that | fk(x)| ≤ g(x) in A, then f ∈ L1(A) and

lim
k→∞

∫
A
fk(x)dx=

∫
A
f (x)dx.

(6) Fubini’s theorem on the interchange of the order of integration:

∫
X×Y

f (x,y)dxdy=
∫
X
dx

(∫
Y
f (x,y)dy

)
=

∫
Y
dy

(∫
X
f (x,y)dx

)

if f ∈ L1(X ×Y ).
(7) The divergence theorem: Let Ω ⊂ R

n be a bounded domain with C1 boundary
∂Ω , and let �F be a C1 vector-valued function on Ω . Then

∫
Ω
div�F(x)dx=

∫
∂Ω

�ν ·�Fdσ(x),

where�ν is the outward normal vector to ∂Ω .



Chapter 16
The Fourier Transform in Schwartz Space

Consider the Euclidean space R
n, n ≥ 1, with x = (x1, . . . ,xn) ∈ R

n and with |x| =√
x2

1 + · · ·+ x2
n and scalar product (x,y) = ∑n

j=1 x jy j. The open ball of radius δ > 0
centered at x ∈ R

n is denoted by

Uδ (x) := {y ∈ R
n : |x− y| < δ}.

Recall the Cauchy–Bunyakovsky–Schwarz inequality

|(x,y)| ≤ |x||y|.

Following Laurent Schwartz, we call an n-tuple α =(α1, . . . ,αn),α j ∈ N∪{0} ≡ N0

an n-dimensional multi-index. Define

|α| = α1 + · · ·+αn, α! = α1! · · ·αn!

and
xα = xα1

1 · · ·xαn
n , 00 = 1, 0! = 1.

Moreover, multi-indices α and β can be ordered according to

α ≤ β

if α j ≤ β j for all j = 1,2, . . . ,n. Let us also introduce a shorthand notation

∂ α = ∂ α1
1 · · ·∂ αn

n , ∂ j =
∂

∂x j
.

c© Springer International Publishing AG 2017
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Proof. Let { fk}∞
k=1, fk ∈ S, be a Cauchy sequence, that is, for every ε > 0 there

exists n0(ε) ∈ N such that

ρ( fk, fm)< ε, k,m ≥ n0(ε).

It follows that
sup
x∈K

∣∣∣∂ β ( fk − fm)
∣∣∣ < ε

for every β ≥ 0 and for every compact set K in R
n. This means that { fk}∞

k=1 is a
Cauchy sequence in the Banach space C|β |(K). Hence there exists a function f ∈
C|β |(K) such that

lim
k→∞

fk
C|β |(K)
= f .

Thus we may conclude that our function f is in C∞(Rn). It remains only to prove
that f ∈ S. It is clear that

sup
x∈K

|xα ∂ β f | ≤ sup
x∈K

|xα ∂ β ( fk − f )|+ sup
x∈K

|xα ∂ β fk|

≤Cα(K)sup
x∈K

|∂ β ( fk − f )|+ sup
x∈K

|xα ∂ β fk|.

Taking k → ∞, we obtain

sup
x∈K

|xα ∂ β f | ≤ limsup
k→∞

| fk |α,β< ∞.

The last inequality is valid, since { fk}∞
k=1 is a Cauchy sequence, so that | fk|α,β

is bounded. The last inequality doesn’t depend on K, and we may conclude that
| f |α,β < ∞, or f ∈ S. �

Definition 16.4. We say that fk
S→ f as k → ∞ if

| fk − f |α,β → 0, k → ∞

for all α,β ≥ 0.

Exercise 16.2. Prove thatC∞
0 (Rn) = S, that is, for every f ∈ S there exists { fk}∞

k=1,

fk ∈C∞
0 (R

n), such that fk
S→ f ,k → ∞.

Now we are in position to define the Fourier transform in S(Rn).

Definition 16.5. The Fourier transformF f (ξ ) or f̂ (ξ ) of the function f (x) ∈ S is
defined by

F f (ξ ) ≡ f̂ (ξ ) := (2π)−n/2
∫

Rn
e−i(x,ξ ) f (x)dx, ξ ∈ R

n.
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If R → ∞, then ∫ ξ j

0
e− 1

2 (±R+iτ)2
dτ → 0.

Hence ∫ ∞

−∞
e− 1

2 (t+iξ j)2
dt =

∫ ∞

−∞
e− t2

2 dt, j = 1, . . . ,n.

Using Fubini’s theorem and polar coordinates, we can evaluate the last integral as

(∫ ∞

−∞
e− t2

2 dt

)2

=
∫

R2
e− 1

2 (t
2+s2)dtds=

∫ 2π

0
dθ

∫ ∞

0
e− r2

2 rdr

= 2π
∫ ∞

0
e−mdm= 2π.

Thus ∫ ∞

−∞
e− 1

2 (t+iξ j)2
dt =

√
2π

and

F(e− |x|2
2 )(ξ ) = (2π)−

n
2 e− 1

2 |ξ |2
n

∏
j=1

√
2π = e− 1

2 |ξ |2 .

This completes the proof. �
Exercise 16.3. Let P(D) be a differential operator,

P(D) = ∑
|α|≤m

aαD
α ,

with constant coefficients. Prove that P̂(D)u= P(ξ )û.

Definition 16.8. We adopt the following notation for translation and dilation of a
function:

(τh f )(x) := f (x−h), (σλ f )(x) := f (λx), λ 	= 0.

Exercise 16.4. Let f ∈ S(Rn), h ∈ R
n, and λ ∈ R, λ 	= 0. Prove that

(1) σ̂λ f (ξ ) = |λ |−nσ 1
λ
f̂ (ξ ) and σλ f̂ (ξ ) = |λ |−nσ̂ 1

λ
f (ξ );

(2) τ̂h f (ξ ) = e−i(h,ξ ) f̂ (ξ ) and τh f̂ (ξ ) = ̂ei(h,·) f (ξ ).

Exercise 16.5. Let A be a real-valued n× n matrix such that A−1 exists. Define
fA(x) := f (A−1x). Prove that

f̂A(ξ ) = ( f̂ )A(ξ )

if and only if A is an orthogonal matrix (a rotation), that is, AT = A−1.
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Let us now consider f and g from S(Rn). Then

(F f ,g)L2 =
∫

Rn
f̂ (ξ )g(ξ )dξ = (2π)−n/2

∫

Rn
g(ξ )

(∫

Rn
e−i(x,ξ ) f (x)dx

)
dξ

= (2π)−n/2
∫

Rn
f (x)

(∫

Rn
ei(x,ξ )g(ξ )dξ

)
dx= ( f ,F ∗g)L2 ,

where F ∗g(x) :=Fg(−x).

Remark 16.9. Here F ∗ is the adjoint operator (in the sense of L2), which maps S
into S since F : S → S. The inverse Fourier transform F−1 is defined as F−1 :=
F ∗.

In order to justify this definition we will prove the following theorem.

Theorem 16.10 (Fourier inversion formula). Let f be a function from S(Rn). Then

F ∗F f = f .

To this end we will prove first the following (somewhat technical) lemma.

Lemma 16.11. Let f0(x) be a function from L1(Rn) with
∫
Rn f0(x)dx = 1 and let

f (x) be a function from L∞(Rn) that is continuous at {0}. Then

lim
ε→0+

∫

Rn
ε−n f0

( x
ε

)
f (x)dx= f (0).

Proof. Since

∫

Rn
ε−n f0

( x
ε

)
f (x)dx− f (0) =

∫

Rn
ε−n f0

( x
ε

)
( f (x)− f (0))dx,

we may assume without loss of generality that f (0) = 0. Since f is continuous at
{0}, there exists δ > 0 for every η > 0 such that

| f (x)| < η
‖ f0‖L1

whenever |x| < δ . Note that

∣∣∣∣
∫

Rn
f0(x)dx

∣∣∣∣ ≤ ‖ f0‖L1 .

We may therefore conclude that
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means that
∫

Rn
f̂ (ξ )g(ξ )dξ =

∫

Rn
f (x)F ∗g(x)dx=

∫

Rn
f (x)F (g)(x)dx.

This implies that ∫

Rn
f̂ (ξ )g(ξ )dξ =

∫

Rn
f (x)ĝ(x)dx,

or
〈F f ,g〉L2(Rn) = 〈 f ,Fg〉L2(Rn).
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for f ∈ L1 and f ≥ 0. Hence ‖Fex‖L1→L∞ = (2π)−n/2. �

Proof (Alternative proof). If f ∈ L1(Rn), then we can define the Fourier transform
F f (ξ ) directly by

F f (ξ ) := (2π)−n/2
∫

Rn
e−i(x,ξ ) f (x)dx,

since ∣∣∣∣
∫

Rn
e−i(x,ξ ) f (x)dx

∣∣∣∣ ≤
∫

Rn
| f (x)|dx= ‖ f‖L1 .

Also we have

(2π)n/2
∥∥∥ f̂ (ξ +h)− f̂ (ξ )

∥∥∥
L∞(Rn)

= sup
ξ∈Rn

∣∣∣∣
∫

Rn
e−i(ξ ,x)(e−i(h,x) −1) f (x)dx

∣∣∣∣
≤ 2

∫
|x|> ε

|h|
| f (x)|dx+ ε

∫
|x||h|≤ε

| f (x)|dx=: I1+ I2.

Here we have used the fact that |eiy−1| ≤ |y| for y ∈ R with |y| ≤ 1. It is easily seen
that I1 → 0 for |h| → 0 and I2 → 0 for ε → 0, since f ∈ L1(Rn).

This means that the Fourier transform f̂ (ξ ) is continuous (even uniformly con-
tinuous) on R

n. Moreover, we have

2 f̂ (ξ ) = (2π)−n/2
∫

Rn
e−i(x,ξ )

(
f (x)− f

(
x+

ξ π
|ξ |2

))
dx.

This equality follows from

f̂ (ξ ) = −(2π)−n/2
∫

Rn
eiπe−i(x,ξ ) f (x)dx

= −(2π)−n/2
∫

Rn
e
i

(
ξ , ξ

|ξ |2

)
π
e−i(x,ξ ) f (x)dx

and Exercise 16.4. Thus,

2| f̂ (ξ )| ≤ (2π)−n/2

∥∥∥∥ f (x)− f

(
x+

ξ π
|ξ |2

)∥∥∥∥
L1(Rn)

→ 0

for |ξ | → ∞. �

Theorem 17.5 (Plancherel). Let F : S → S be the Fourier transform in S with
‖F f‖L2 = ‖ f‖L2 . Then there exists a unique extension Fex of F to L2-space such

that Fex : L2
onto→ L2 and ‖Fex‖L2→L2 = 1. Also Parseval’s equality remains valid.
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Proof. We know that S
L2= L2, sinceC∞

0
L2= L2. Thus for every f ∈ L2(Rn) there exists

{ fk}∞
k=1 ⊂ S(Rn) such that ‖ fk − f‖L2(Rn) → 0 as k → ∞. By Parseval’s equality in

S we get
‖F fk −F fl‖L2 = ‖ fk − fl‖L2 → 0, k, l → ∞.

Thus {F fk}∞
k=1 is a Cauchy sequence in L2(Rn), and therefore, F fk

L2→ g, where
g ∈ L2. Therefore, we may put Fex f := g. Also we have Parseval’s equality

‖Fex f‖L2 = lim
k→∞

‖F fk‖L2 = lim
k→∞

‖ fk‖L2 = ‖ f‖L2 ,

which proves the statement about the operator norm. �

Remark 17.6. In L2-space we also have the Fourier inversion formula F ∗
exFex f =

f , orF−1
ex Fex f = f .

Exercise 17.3. Prove that if f ∈ L2(Rn), then

(1) Fex f (ξ )
L2= lim

R→+∞
F fR(ξ ), where fR(x) = χ{x:|x|≤R}(x) f (x).

(2) Fex f (ξ )
L2= lim

ε→0+
F (e−ε |x| f ).

Exercise 17.4. Let us assume that f ∈ L1(Rn) and F f (ξ ) ∈ L1(Rn). Prove that

f (x) = (2π)−n/2
∫

Rn
ei(x,ξ )F f (ξ )dξ =F−1F f (x).

This means that the Fourier inversion formula is valid.

Exercise 17.5. Let f1 and f2 belong to L2(Rn). Prove that

( f1, f2)L2 = (F f1,F f2)L2 .

Theorem 17.7 (Riesz–Thorin interpolation theorem). Let T be a linear contin-
uous map from Lp1(Rn) to Lq1(Rn) with norm estimate M1 and from Lp2(Rn) to
Lq2(Rn) with norm estimate M2. Then T is a linear continuous map from Lp(Rn) to
Lq(Rn) with p and q such that

1
p
=

θ
p1

+
1−θ
p2

,
1
q
=

θ
q1

+
1−θ
q2

, 0 ≤ θ ≤ 1,

with norm estimate Mθ
1M

1−θ
2 .

Proof. Let F and G be two functions with the following properties:

(1) F,G ≥ 0,
(2) ‖F‖L1 = ‖G‖L1 = 1.
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Let us consider now the function Φ(z) of a complex variable z ∈ C given by

Φ(z) :=M−z
1 M−1+z

2

∫
Rn

T ( f0F
z
p1

+ 1−z
p2 )(x)g0G

z
q′1

+ 1−z
q′2 (x)dx,

where 1
q1
+ 1

q′
1
= 1, 1

q2
+ 1

q′
2
= 1, | f0| ≤ 1, and |g0| ≤ 1. The two functions f0 and g0

will be selected later. We assume also that 0 ≤ Re(z) ≤ 1.
Our aim is to prove the inequality

|〈T f ,g〉L2 | ≤ Mθ
1M

1−θ
2 ‖ f‖Lp ‖g‖Lq′ ,

where
1
p
=

θ
p1

+
1−θ
p2

,
1
q
=

θ
q1

+
1−θ
q2

,
1
q
+

1
q′ = 1.

Since T is a linear continuous map and F
z
p1

+ 1−z
p2 , G

z
q′1

+ 1−z
q′2 are holomorphic func-

tions with respect to z (consider az = ez loga, a> 0), we may conclude that Φ(z) is a
holomorphic function also.

(1) Let us assume now that Re(z) = 0, i.e., z= iy. Then we have

Φ(iy) =M−iy
1 M−1+iy

2 〈T ( f0F
iy
p1

+ 1−iy
p2 ),g0G

iy
q′1

+ 1−iy
q′2 〉L2 .

Since |aix| = 1 for a,x ∈ R, a > 0, it follows from Hölder’s inequality and the
assumptions on T that

|Φ(iy)| ≤ M−1
2 M2

∥∥∥∥ f0F
iy
p1

+ 1−iy
p2

∥∥∥∥
Lp2

∥∥∥∥g0G
iy
q′1

+ 1−iy
q′2

∥∥∥∥
Lq

′
2

=
∥∥∥∥| f0|F

1
p2

∥∥∥∥
Lp2

∥∥∥∥|g0|G
1
q′2

∥∥∥∥
Lq

′
2

≤ ‖F‖
1
p2
L1

‖G‖
1
q′2
L1

= 1.

(2) Let us assume now that Re(z) = 1, i.e., z= 1+ iy. Then we have similarly that

|Φ(1+ iy)| ≤ M−1
1 M1

∥∥∥∥ f0F
1+iy
p1

+−iy
p2

∥∥∥∥
Lp1

∥∥∥∥g0G
1+iy
q′1

+−iy
q′2

∥∥∥∥
Lq

′
1

=
∥∥∥∥| f0|F

1
p1

∥∥∥∥
Lp1

∥∥∥∥|g0|G
1
q′1

∥∥∥∥
Lq

′
1

≤ ‖F‖
1
p1
L1

‖G‖
1
q′1
L1

= 1.

If we apply now the Phragmén–Lindelöf theorem for the domain 0< Re(z)< 1, we
obtain that |Φ(z)| ≤ 1 for every z such that 0< Re(z)< 1. Then |Φ(θ)| ≤ 1 also for
0< θ < 1. But this is equivalent to the estimate
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(1) L(p) =
√
2π ̂f (x)e−p1x(p2).

(2) Apply the Fourier inversion formula to prove the Mellin formula

f (x) =
1
2πi

∫ p1+i∞

p1−i∞
L(p)epxdp, p1 > a.



Chapter 18
Tempered Distributions

In this chapter we will consider two types of distributions: Schwartz distributions
and tempered distributions. To that end we consider the space D :=C∞

0 (R
n) of test

functions. It is clear that D is a linear space and D ⊂ S. A notion of convergence is
given in the following definition.

Definition 18.1. A sequence {ϕk}∞
k=1 is a null sequence in D if

(1) there exists a compact set K ⊂ R
n such that suppϕk ⊂ K for every k and

(2) for every α ≥ 0 we have

sup
x∈K

|Dα ϕk(x)| → 0, k → ∞.

We denote this fact by ϕk
D→ 0. As usual, ϕk

D→ ϕ ∈ D means that ϕk −ϕ D→ 0.

Now we are in a position to define the Schwartz distribution space.

Definition 18.2. A functional T : D → C is a Schwartz distribution if it is linear
and continuous, that is,

(1) T (α1ϕ1+α2ϕ2) = α1T (ϕ1)+α2T (ϕ2) for every ϕ1,ϕ2 ∈ D and α1,α2 ∈ C

(2) for every null sequence ϕk in D , one has T (ϕk) → 0 in C as k → ∞.

The linear space of Schwartz distributions is denoted by D ′. The action of T on ϕ
is denoted by T (ϕ) = 〈T,ϕ〉.
Example 18.3. Every locally integrable function f , that is, f ∈ L1loc(R

n), defines a
Schwartz distribution by the formula

〈Tf ,ϕ〉 :=
∫

Rn
f (x)ϕ(x)dx.

c© Springer International Publishing AG 2017
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It is clear that Tf is a linear map. It remains only to prove that Tf is a continuous
map on D . Let {ϕk}∞

k=1 be a null sequence in D . Then

|〈Tf ,ϕk〉| ≤ sup
x∈K

|ϕk(x)|
∫
K

| f (x)|dx → 0, k → ∞

by the definition of null sequence.

Example 18.4. If 〈T,ϕ〉 := ϕ(0), then T ∈ D ′. Indeed, T is linear, and if ϕk
D→ 0,

then 〈T,ϕk〉 = ϕk(0) → 0 for k → ∞. This distribution is called the δ -function and
is denoted by δ , i.e.,

〈δ ,ϕ〉 = ϕ(0), ϕ ∈ D .

Remark 18.5. A distribution T is regular if it can be written in the form

〈T,ϕ〉 =
∫

Rn
f (x)ϕ(x)dx

for some locally integrable function f . All other distributions are singular.

Exercise 18.1. Prove that δ is a singular distribution.

Definition 18.6. The functional T defined by

〈T,ϕ〉 := lim
ε→0+

∫
|x|>ε

ϕ(x)
x

dx ≡ p.v.
∫ ∞

−∞

ϕ(x)
x

dx

on D(R) is called the principal value of 1
x . We denote it by T = p.v. 1x .

Remark 18.7. Note that 1
x /∈ L1loc(R), but we have the following result.

Exercise 18.2. Prove that

〈p.v. 1
x
,ϕ〉 =

∫ ∞

0

ϕ(x)−ϕ(−x)
x

dx= p.v.
∫ ∞

−∞

ϕ(x)−ϕ(0)
x

dx.

Example 18.8. Let σ be a hypersurface of dimension n−1 in R
n and let dσ stand

for an element of surface area on σ . Consider the functional

〈T,ϕ〉 =
∫

σ
a(x)ϕ(x)dσ

on D , where a(x) is a locally integrable function on σ . We can interpret T in terms
of surface source. Indeed,

〈
∫

σ
a(ξ )δ (x−ξ )dσξ ,ϕ〉 :=

∫
σ
a(ξ )〈δ (x−ξ ),ϕ(x)〉dσξ =

∫
σ
a(ξ )ϕ(ξ )dσξ .
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Exercise 18.3. Prove that

(
p.v.

1
x

)′
= −p.v.

1
x2
,

where p.v. 1
x2

is defined as

〈p.v. 1
x2
,ϕ〉 = lim

ε→0+

∫
|x|>ε

ϕ(x)−ϕ(0)
x2

dx.

The following characterization of D ′ is given without proof: T ∈ D ′ if and only if
for every compact K ⊂ R

n there exists n0(K) ∈ N0 such that

|〈T,ϕ〉| ≤C0 ∑
|α|≤n0

sup
x∈K

|Dα ϕ|

for every ϕ ∈ D with suppϕ ⊂ K.

Definition 18.13. A functional T : S → C is a tempered distribution if

(1) T is linear, i.e., 〈T,αϕ + βψ〉 = α〈T,ϕ〉 + β 〈T,ψ〉 for all α,β ∈ C and
ϕ,ψ ∈ S.

(2) T is continuous on S, i.e., there exist n0 ∈ N0 and a constant c0 > 0 such that

|〈T,ϕ〉| ≤ c0 ∑
|α|,|β |≤n0

|ϕ|α,β

for every ϕ ∈ S.

The space of tempered distributions is denoted by S′. In addition, for Tk,T ∈ S′ the
convergence Tk

S′→ T means that 〈Tk,ϕ〉 C→ 〈T,ϕ〉 for all ϕ ∈ S.

Remark 18.14. Since D ⊂ S, the space of tempered distributions is narrower than
the space of Schwartz distributions, S′ ⊂ D ′. Later we will consider the even nar-
rower distribution space E ′, which consists of continuous linear functionals on the
(widest test function) space E :=C∞(Rn). In short, D ⊂ S ⊂ E implies that

E ′ ⊂ S′ ⊂ D ′.

It turns out that members of E ′ have compact support, and they are therefore called
distributions with compact support. But more on that later.

Example 18.15. Let us consider R
1.

(1) It is clear that f (x) = e|x|2 is a Schwartz distribution but not a tempered distrib-
ution, because part (2) of the previous definition is not satisfied.

(2) If f (x) =
m
∑
k=0

akxk is a polynomial, then f (x) ∈ S′, since
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|〈Tf ,ϕ〉| =
∣∣∣∣∣
∫

R

m

∑
k=0

akx
kϕ(x)dx

∣∣∣∣∣
≤

m

∑
k=0

|ak|
∫

R

(1+ |x|)−1−δ (1+ |x|)1+δ |x|k|ϕ(x)|dx

≤C
m

∑
k=0

|ak||ϕ|0,k+1+δ

∫
R

(1+ |x|)−1−δdx,

so condition (2) is satisfied, e.g., for δ = 1, n0 = m+ 2. This polynomial is a
regular distribution, since 〈Tf ,ϕ〉 = ∫

R
f (x)ϕ(x)dx is well defined.

Definition 18.16. Let T be a distribution fromD ′. Then the support of T is defined
by

suppT := R
n \A,

where A= {x ∈ R
n : 〈T,ϕ〉 = 0for allϕ ∈C∞withsuppϕ ⊂Uδ (x)}.

Exercise 18.4. Prove that

(1) if f is continuous, then suppTf = supp f ;
(2) supp(∂ αT ) ⊂ suppT ;
(3) suppδ = {0}.
Example 18.17. (1) The weighted Lebesgue spaces are defined as

Lp
σ (Rn) := { f ∈ Lp

loc(R
n) : ‖ f‖Lpσ :=

(∫
Rn
(1+ |x|)σ p| f (x)|pdx

) 1
p

< ∞}

for 1 ≤ p< ∞ and

L∞
σ (R

n) := { f ∈ L∞
loc(R

n) : ‖ f‖L∞
σ
:= ess sup

x∈Rn
(1+ |x|)σ | f (x)| < ∞}.

If f ∈ L1−δ (R
n) for some δ > 0, then Tf ∈ S′. In fact,

|〈Tf ,ϕ〉| =
∣∣∣∣
∫

Rn
fϕdx

∣∣∣∣ ≤ ‖ f‖L1−δ
‖ϕ‖L∞

δ
.

This means that
∫
R
fϕdx is well defined in this case and

〈Tf ,ϕ〉 :=
∫

Rn
fϕdx.

(2) If f ∈ Lp, 1 ≤ p ≤ ∞, then f ∈ S′. Indeed,

Lp(Rn) ⊂ L1−δ (R
n) for δ >

n
p′ ,
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(3)
1

(x+ i0)2
= p.v.

1
x2

+πiδ ′ and
1

(x− i0)2
= p.v.

1
x2

−πiδ ′;

(4)

l̂og |x| = −
√

π
2
p.v.

1
|ξ | ;

(5)

x̂β = (2π)n/2i|β |∂ β δ .

Exercise 18.8. Prove that

(1)

Ĥ(ξ ) = − i√
2π

· 1
ξ − i0

;

(2)

ŝgn(ξ ) = − i√π
2

p.v.
1
ξ
.

Example 18.27. Since

〈∂̂ α δ ,ϕ〉 = 〈∂ α δ , ϕ̂〉 = (−1)|α|〈δ ,∂ α ϕ̂〉 = 〈δ , i|α|ξ̂ α ϕ〉
= 〈δ̂ ,(iξ )α ϕ〉 = 〈(2π)−

n
2 ,(iξ )α ϕ〉 = 〈(2π)−

n
2 (iξ )α ,ϕ〉,

we get
∂̂ α δ = (2π)−

n
2 (iξ )α .

In particular, in dimension one,

δ̂ (k) =
1√
2π

ikξ k, x̂k =
√
2πikδ (k).

Let us consider the Cauchy–Riemann operator

∂ :=
1
2

(
∂
∂x

+ i
∂
∂y

)

and

∂ :=
1
2

(
∂
∂x

− i
∂
∂y

)

in R
2.
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For ξ1 < 0 we have

i
∫ 0

−∞
e−y(ξ1+iξ2)dy= −i

e−y(ξ1+iξ2)

ξ1+ iξ2

∣∣∣∣∣
0

−∞

= −i
1

ξ1+ iξ2
.

Hence
1̂
z
(ξ ) = − i

ξ1+ iξ2
,

which proves (2). Part (1) is established with a simple calculation:

∂ ·∂ =
1
4

(
∂
∂x

− i
∂
∂y

)(
∂
∂x

+ i
∂
∂y

)
=

1
4

((
∂
∂x

)2

+
(

∂
∂y

)2
)

=
1
4

Δ = ∂ ·∂ .



Chapter 19
Convolutions in S and S′

Let us consider first the direct product of distributions. Let us assume that T1, . . . ,Tn
are one-dimensional tempered distributions, Tj ∈ S′(R), j = 1,2, . . . ,n. The product
T1(x1) · · ·Tn(xn) can be formally defined by

〈T1(x1) · · ·Tn(xn),ϕ(x1, . . . ,xn)〉 = 〈T1(x1) · · ·Tn−1(xn−1),ϕ1(x1, . . . ,xn−1)〉
= 〈T1(x1) · · ·Tn−2(xn−2),ϕ2(x1, . . . ,xn−2)〉
= · · · = 〈T1(x1),ϕn−1(x1)〉,

where

ϕ1(x1, . . . ,xn−1) := 〈Tn(xn),ϕ(x1, . . . ,xn)〉 ∈ S(Rn−1),

ϕ j(x1, . . . ,xn− j) := 〈Tn− j+1,ϕ j−1(x1, . . . ,xn− j+1)〉 ∈ S(Rn− j).

In this sense, it is clear that

δ (x1, . . . ,xn) = δ (x1) · · ·δ (xn).

But the product T1(x)T2(x), where the x are the same, in general case does not exist,
that is, it is impossible to define such a product. We remedy this by recalling the
following definition.

Definition 19.1. The convolution ϕ ∗ψ of the functions ϕ ∈ S and ψ ∈ S is defined
as

(ϕ ∗ψ)(x) :=
∫

Rn
ϕ(x− y)ψ(y)dy.

We can observe the following immediately.
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(1) The convolution is commutative for every n ≥ 1. If n ≥ 2, then

(ϕ ∗ψ)(x) =
∫

Rn
ϕ(x− y)ψ(y)dy=

∫
Rn

ϕ(z)ψ(x− z)dz= (ψ ∗ϕ)(x).

If n= 1, then

(ϕ ∗ψ)(x) =
∫ ∞

−∞
ϕ(x− y)ψ(y)dy= −

∫ −∞

∞
ϕ(z)ψ(x− z)dz

=
∫ ∞

−∞
ψ(x− z)ϕ(z)dz= (ψ ∗ϕ)(x).

(2) It is also clear that the convolution is well defined for ϕ and ψ from S, and
moreover, for every α ≥ 0,

∂ α
x (ϕ ∗ψ)(x) = (∂ α ϕ ∗ψ)(x) =

∫
Rn

∂ α
x ϕ(x− y)ψ(y)dy

=
∫

Rn
(−1)|α|∂ α

y ϕ(x− y)ψ(y)dy

= (−1)2|α|
∫

Rn
ϕ(x− y)∂ α

y ψ(y)dy= (ϕ ∗∂ α ψ)(x),

where we integrated by parts and used the fact that ∂x jϕ(x−y) =−∂y jϕ(x−y).

We would like to prove that for ϕ and ψ from S it follows that ϕ ∗ψ from S also. In
fact,

(1) ϕ ∗ψ ∈C∞(Rn) since ∂ α(ϕ ∗ψ) = ϕ ∗∂ α ψ and ∂ α : S → S.
(2) ϕ ∗ψ decreases at infinity faster than any inverse power:

∣∣∣∣
∫

Rn
ϕ(x− y)ψ(y)dy

∣∣∣∣ ≤ c1

∫
|y|≤ |x|

2

1
|x− y|m |ψ(y)|dy+ c2

∫
|y|> |x|

2

|ψ(y)|dy

≤ c′
1

|x|m
∫

|y|≤ |x|
2

|ψ(y)|dy+ c2

∫
|y|> |x|

2

|y|−m|y|m|ψ(y)|dy

≤ c′′
1

|x|m +
c′′
2

|x|m = c|x|−m, m ∈ N.

Next we collect some important inequalities involving the convolution.

(1) Hölder’s inequality implies that

‖ϕ ∗ψ‖L∞(Rn) ≤ ‖ϕ‖Lp(Rn) · ‖ψ‖Lp′ (Rn) , (19.1)

where 1
p +

1
p′ = 1,1 ≤ p ≤ ∞. This means that the convolution is well defined

even for ϕ ∈ Lp(Rn) and ψ ∈ Lp′
(Rn). In particular,













Chapter 20
Sobolev Spaces

Lemma 20.1. For every function f ∈ L2(Rn) the following statements are
equivalent:

(1) ∂ f
∂x j

(x) ∈ L2(Rn),

(2) ξ j ̂f (ξ ) ∈ L2(Rn),

(3) lim
t→0

Δ t
j f (x)
t exists in L2(Rn). Here Δ t

j f (x) := f (x+ te j)− f (x) with t ∈ R and

e j = (0, . . . ,1,0, . . . ,0).

(4) There exists { fk}∞
k=1, fk ∈ S, such that fk

L2→ f and ∂ fk
∂x j

has a limit in L2(Rn).

Proof. (1) ⇔ (2): Since
̂Dj f = ξ j ̂f ,

we have ∥

∥

∥ξ j ̂f
∥

∥

∥

L2
=

∥

∥Dj f
∥

∥

L2

by Parseval’s equality.

(2) ⇒ (3): Let ξ j ̂f be a function from L2(Rn). Then the equality

1̂
t

Δ t
j f (ξ ) =

1
t
(eitξ j −1)̂f (ξ ) =

eitξ j −1
tξ j

·ξ j ̂f (ξ )

holds. But
eitξ j −1
tξ j

→ i
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Therefore we may conclude that

∑
|α|≤s

‖Dα f‖L2 < ∞ ⇔ ∑
|α|≤s

‖Dα f‖2
L2 < ∞ ⇔

∫

Rn
(1+ |ξ |2)s|̂f (ξ )|2dξ < ∞.

This establishes the characterization. �

This property of an integer s justifies the following definition.

Definition 20.5. Let s be a real number. Then we define

Hs(Rn) := { f ∈ S′ : (1+ |ξ |2) s
2 ̂f ∈ L2(Rn)}

with the norm

‖ f‖Hs(Rn) :=
(

∫

Rn
(1+ |ξ |2)s|̂f (ξ )|2dξ

) 1
2

.

Definition 20.6. Let s > 0 be an integer and 1 ≤ p ≤ ∞. Then

Ws
p(R

n) := { f ∈ Lp(Rn) : ∑
|α|≤s

‖Dα f‖Lp(Rn) < ∞}

is called the Sobolev space with norm

‖ f‖Ws
p(Rn) :=

(

∑
|α|≤s

‖Dα f‖p
Lp(Rn)

)1/p

.

Exercise 20.1. Let s > 0 be an even integer and 1 ≤ p ≤ ∞. Prove that

| f |Ws
p(Rn) :=

(
∫

Rn
|F−1((1+ |ξ |2) s

2 ̂f )|pdx

) 1
p

is an equivalent norm in Ws
p(R

n).

Definition 20.7. Let s > 0 be a real number and 1 ≤ p ≤ ∞. Then

Ws
p(R

n) := { f ∈ S′ :

(
∫

Rn
|F−1((1+ |ξ |2) s

2 ̂f )|pdx

) 1
p

< ∞}

with the norm

‖ f‖Ws
p(Rn) :=

(
∫

Rn
|F−1((1+ |ξ |2) s

2 ̂f )|pdx

) 1
p

.
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Therefore,

∫

Rn
| f (x)|2dx+As

∫

Rn

∫

Rn
| f (x)− f (y)|2|x− y|−n−2sdxdy

=
∫

Rn
|̂f (ξ )|2dξ +

∫

Rn
|ξ |2s|̂f (ξ )|2dξ .

This completes the proof. �

Remark 20.10. Note that As exists only for 0 < s < 1.

Exercise 20.3. Prove that

‖ f‖2
Hk+s(Rn) �

∫

Rn
(1+ |ξ |2k+2s)|̂f (ξ )|2dξ �

∥

∥

∥

̂f
∥

∥

∥

2

L2
+ ∑

|α|=k

∫

Rn
|ξ |2s| ̂Dα f |2dξ

= ‖ f‖2
L2 +As ∑

|α|=k

∫

Rn

∫

Rn
|Dα f (x)−Dα f (y)|2|x− y|−n−2sdxdy.

Example 20.11. 1 /∈ Hs(Rn) for all s. Indeed, assume that 1 ∈ Hs0(Rn) for some s0

(it is clear that s0 > 0). This means that (1+ |ξ |2) s0
2 ̂1 ∈ L2(Rn). It follows from this

fact that ̂1 ∈ L2
loc(R

n), and further, ̂1 ∈ L1
loc(R

n). But ̂1 = (2π) n
2 δ , and we know that

δ is not a regular distribution.

Next we list some properties of Hs(Rn).

(1) Since f ∈Hs(Rn) if and only if ̂f (ξ )∈ L2
s (R

n) and L2
s (R

n) is a separable Hilbert
space with the scalar product

( f1,g1)L2
s (Rn) =

∫

Rn
(1+ |ξ |2)s f1 ·g1dξ ,

it follows that Hs(Rn) is also a separable Hilbert space, and the scalar product
can be defined by

( f ,g)Hs(Rn) =
∫

Rn
(1+ |ξ |2)s ̂f · ĝdξ .

We may prove the following property:

H−s(Rn) = (Hs(Rn))∗, s ∈ R

in the sense that

‖ f‖H−s(Rn) := sup
0 	=g∈Hs(Rn)

|( f ,g)L2(Rn)|
‖g‖Hs(Rn)

.
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This means that H−s(Rn) is the dual space to Hs(Rn) with respect to the Hilbert
space L2(Rn). Indeed, since by Parseval’s equality

( f ,g)L2(Rn) = (̂f , ĝ)L2(Rn) = ((1+ |ξ |2)−s/2
̂f ,(1+ |ξ |2)s/2ĝ)L2(Rn),

it follows that

sup
0 	=g∈Hs(Rn)

|( f ,g)L2(Rn)|
‖g‖Hs(Rn)

= sup
0 	=ĝ∈L2

s (Rn)

|(̂f , ĝ)L2(Rn)|
‖ĝ‖L2

s (Rn)
=

∥

∥

∥

̂f
∥

∥

∥

L2−s(Rn)
= ‖ f‖H−s(Rn) .

We have used here the fact that the space L2−s(R
n) is dual to L2

s (R
n) for every

s ∈ R.
(2) For −∞ < s < t < ∞, it follows that S ⊂ Ht(Rn) ⊂ Hs(Rn) ⊂ S′.

Example 20.12. δ ∈ Hs(Rn) if and only if s < − n
2 . Indeed, if we define

〈ξ 〉 := (1+ |ξ |2) 1
2 ,

then δ ∈ Hs(Rn) is equivalent to (2π)− n
2 〈ξ 〉s ∈ L2(Rn), which in turn is equivalent

to s < − n
2 .

(3) Let ϕ be a function from Hs(Rn), and ψ a function from H−s(Rn). Then ϕ̂ ∈
L2
s (R

n) and ψ̂ ∈ L2−s(R
n), so that ϕ̂ · ψ̂ ∈ L1(Rn) by Hölder’s inequality. We

may therefore define (temporarily, and with slight abuse of notation)

〈ϕ,ψ〉L2(Rn) :=
∫

Rn
ϕ̂ · ψ̂dξ

and obtain
|〈ϕ,ψ〉L2(Rn)| ≤ ‖ϕ‖Hs(Rn) · ‖ψ‖H−s(Rn) .

For example, if ϕ is a function from H
n
2+1+ε(Rn), ε > 0, and ψ = ∂δ

∂x j
, then

〈

∂δ
∂x j

,ϕ
〉

L2(Rn)
=

∫

Rn

̂∂δ
∂x j

· ϕ̂dξ = i(2π)−
n
2

∫

Rn
ξ jϕ̂(ξ )dξ

is well defined, since ϕ̂ ∈ L2
n
2+1+ε(R

n) and ξ j ∈ L2
− n

2 −1−ε(R
n).

(4) Consider a differential operator with constant coefficients

P(D) = ∑
|α|≤m

aαD
α .

Then P(D) : Hs(Rn) → Hs−m(Rn) for all real s.
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Proof. By the properties of the Fourier transform we have

‖P(D) f‖2
Hs−m(Rn) =

∫

Rn
(1+ |ξ |2)s−m|P̂(D) f |2dξ

=
∫

Rn
(1+ |ξ |2)s−m|P(ξ )|2 · |̂f (ξ )|2dξ

≤ c
∫

Rn
(1+ |ξ |2)s−m(1+ |ξ |2)m|̂f (ξ )|2dξ = c‖ f‖2

Hs(Rn)

for all real s. �

There is a generalization of this result. Let P(x,D) be a differential operator

P(x,D) = ∑
|α|≤m

aα(x)Dα

with variable coefficients such that |aα(x)| ≤ c0 for all x ∈ R
n and |α| ≤ m. Then

P(x,D) : Hm(Rn) → L2(Rn).

Indeed,

‖P(x,D) f‖L2 ≤ c0 ∑
|α|≤m

‖Dα f‖L2 = c0 ∑
|α|≤m

∥

∥

∥ξ α
̂f
∥

∥

∥

L2

≤ c′
0

∥

∥

∥(1+ |ξ |2)m
2 ̂f

∥

∥

∥

L2
= c′

0 ‖ f‖Hm .

(5) We have the following lemma.

Lemma 20.13. Let ϕ be a function from S, and f a function from Hs(Rn) for s∈ R.
Then ϕ · f ∈ Hs(Rn) and

‖ϕ f‖Hs ≤ c
∥

∥

∥(1+ |ξ |2) |s|
2 ϕ̂

∥

∥

∥

L1
· ‖ f‖Hs .

Proof. We know that

̂ϕ · f (ξ ) = (2π)−
n
2

∫

Rn
ϕ̂(ξ −η)̂f (η)dη .

Hence

〈ξ 〉s ̂ϕ · f = (2π)−
n
2

∫

Rn

〈ξ 〉s
〈η〉s ϕ̂(ξ −η)〈η〉s ̂f (η)dη .

Let us prove that

〈ξ 〉s ≤ 2
|s|
2 〈η〉s · 〈ξ −η〉|s|
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Remark 20.21. It is possible to prove that if ϕ, f ∈ Hs(Rn) for s > n
2 , then ϕ f ∈

Hs(Rn) with the same s.

Exercise 20.7. Prove that W 1
p (R

n) ·W 1
p (R

n) ⊂W 1
p (R

n) if p > n.

Next, we consider the trace map τ , defined initially on S(Rn) by τu = f , where
f (x′) = u(0,x′) if x= (x1, . . . ,xn) and x′ = (x2, . . . ,xn).

Proposition 20.22. The map τ extends uniquely to a continuous linear map

τ : Hs(Rn) → Hs−1/2(Rn−1)

for all s > 1/2, and this map is surjective.

Proof. If f = τu, then for all u ∈ S(Rn) we may define

̂f (ξ ′) =
∫ ∞

−∞
û(ξ )dξ1.

Hence, using the Cauchy-Bunyakovsky-Schwarz inequality, we have

|̂f (ξ ′)|2 ≤
∫ ∞

−∞
|û(ξ )|2(1+ |ξ |2)sdξ1

∫ ∞

−∞
(1+ |ξ |2)−sdξ1.

Since

∫ ∞

−∞

1

(1+ |ξ ′|2 +ξ 2
1 )s

dξ1 =
1

(1+ |ξ ′|2)s
∫ ∞

−∞

1
(

1+
(

ξ1
(1+|ξ ′|2)1/2

)2
)s dξ1

= (1+ |ξ ′|2)−s+1/2
∫ ∞

−∞

dρ
(1+ρ2)s

, s > 1/2,

we have

(1+ |ξ ′|2)−s+1/2|̂f (ξ ′)|2 ≤Cs

∫ ∞

−∞
|û(ξ )|2(1+ |ξ |2)sdξ1,

where Cs denotes the latter convergent integral with respect to ρ . Integrating with
respect to ξ ′ in the latter inequality leads to

‖ f‖2
Hs−1/2(Rn−1) ≤Cs ‖u‖2

Hs(Rn) .
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(3) Let nowm=−n in part (2) and in addition assume that
∫

Sn−1 ω(θ)dθ = 0. Note
that T−n(x) /∈ L1loc(R

n). But we can define T−n as a distribution from S′ by

〈p.v.T−n,ϕ〉 :=
∫

Rn
T−n(x)[ϕ(x)−ϕ(0)ψ(|x|)]dx,

where ϕ ∈ S(Rn) and ψ ∈ S(R) with ψ(0) = 1. We assume that ψ is fixed. But
it is clear that this definition does not depend on ψ , because

∫

Sn−1 ω(θ)dθ = 0.

Exercise 21.5. Prove that

〈p.v.T−n,ϕ〉 = lim
ε→0+

∫

|x|≥ε
T−n(x)ϕ(x)dx,

where T−n = |x|−nω
(

x
|x|

)

,
∫

Sn−1 ω(θ)dθ = 0.

Let us prove the following:

(1) p.v.T−n ∈ H∗−n;

(2) ̂p.v.T−n ∈ H∗
0 (R

n), and moreover, it is bounded.
(3) p.v.T−n∗ : L2(Rn) → L2(Rn).

Proof. Part (1) is clear. Part (2) follows from

|〈 ̂p.v.T−n,ϕ〉| = |〈p.v.T−n, ϕ̂〉| =
∣

∣

∣

∣

∫

Rn
T−n(x)[ϕ̂(x)− ϕ̂(0)ψ(|x|)]dx

∣

∣

∣

∣

≤ (2π)−
n
2

∫

Rn
|ϕ(ξ )|dξ

∣

∣

∣

∣

∫

Rn
T−n(x)[e−i(x,ξ ) −ψ(|x|)]dx

∣

∣

∣

∣

= (2π)−
n
2

∫

Rn
|ϕ(ξ )|dξ

∣

∣

∣

∣

∫

Sn−1
ω(θ)dθ

∫ ∞

0

1
r
[e−ir(θ ,ξ ) −ψ(r)]dr

∣

∣

∣

∣

≤ c‖ϕ‖L1(Rn) .

Hence ̂p.v.T−n ∈ L∞(Rn) by duality.
Finally, if f ∈ L2(Rn), then

F (p.v.T−n ∗ f ) = (2π)
n
2 ̂p.v.T−n · ̂f ,

which implies that

‖p.v.T−n ∗ f‖L2(Rn) ≤ (2π)
n
2

∥

∥

∥

̂p.v.T−n

∥

∥

∥

L∞
· ‖ f‖L2 .

This proves part (3). �
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The last integral converges if n−1
2 < m< n. We may therefore write that

|̂x|−m =Cn,m|ξ |m−n,
n−1
2

< m< n.

In fact, this is true even for m such that 0 < Re(m) < n, which follows by analytic
continuation on m. In order to calculate the constant Cn,m, let us apply this distribu-

tion to ϕ = e− |x|2
2 . Since ϕ̂ = ϕ , we get

〈|x|−m,e− |x|2
2 〉 = 〈Cn,m|ξ |m−n,e− |ξ |2

2 〉.

The left-hand side is

∫

Rn
|x|−me− |x|2

2 dx= ωn

∫ ∞

0
rn−m−1e− r2

2 dr

= 2
n−m−2

2 ωn

∫ ∞

0
t
n−m
2 −1e−tdt = 2

n−m−2
2 ωnΓ

(

n−m
2

)

.

Using this, the right-hand side becomes

Cn,m〈|ξ |m−n,e− |ξ |2
2 〉 =Cn,m2

n−(n−m)−2
2 ωnΓ

(m
2

)

.

Therefore,

Cn,m2
m−2
2 ωnΓ

(m
2

)

= 2
n−m−2

2 ωnΓ
(

n−m
2

)

,

which gives us

Cn,m = 2
n
2−mΓ

(

n−m
2

)

Γ
(

m
2

) .

Finally, we have

|̂x|−m = 2
n
2−mΓ

(

n−m
2

)

Γ
(

m
2

) · |ξ |m−n. (21.3)

Definition 21.10. The Hilbert transform H f of f ∈ S is defined by

H f :=
1
π

(

p.v.
1
x

∗ f

)

,

i.e.,

H f (x) =
1
π

lim
ε→0+

∫

|x−t|≥ε

f (t)dt
x− t

, x ∈ R.
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Exercise 21.6. Prove that

(1) ‖H f‖L2(R) = ‖ f‖L2(R).

(2) Hilbert transform has an extension to functions from L2(R).
(3) H2 = −I, i.e., H−1 = −H.
(4) (H f1,H f2)L2 =( f1, f2)L2 for f1 ∈ Lp and f2 ∈ Lp′

, where 1
p+

1
p′ = 1, 1< p<∞.

(5) H : Lp(R) → Lp(R), 1< p< ∞, i.e.,

∥

∥

∥

∥

1
π

∫

|x−t|≥ε

f (t)dt
x− t

∥

∥

∥

∥

Lp
≤ c‖ f‖Lp

for ell ε > 0, where c does not depend on ε .

The multidimensional analogue of the Hilbert transform is developed in the follow-
ing definition.

Definition 21.11. The functions

Rj(x) :=
x j

|x|n+1 , x 	= 0, j = 1,2, . . . ,n,

are called the Riesz kernels.

Remark 21.12. We can rewrite Rj(x) in the form Rj(x)= |x|−nω j(x), where ω j(x)=
x j
|x| and conclude that

(1)
∫

Sn−1 ω j(θ)dθ = 0;
(2) Rj(λx) = λ−nR j(x), λ > 0.

These properties imply that we may define the Riesz transform by

Rj ∗ f = p.v.Rj ∗ f ,

because in our previous notation, Rj(x) = T−n ∈ H∗−n(R
n) is a homogeneous distri-

bution. Let us calculate the Fourier transform of the Riesz kernels. By homogeneity,
it suffices to consider |ξ | = 1. We have

̂Rj(ξ ) = p̂.v.Rj(ξ ) = (2π)−
n
2

∫

Rn

e−i(x,ξ )x j
|x|n+1 dx

= lim
ε→0+

μ→+∞

(2π)−
n
2

∫

ε<|x|<μ

e−i(x,ξ )x j
|x|n+1 dx.

We split

∫

ε<|x|<μ

e−i(x,ξ )x j
|x|n+1 dx=

∫

ε<|x|<1

e−i(x,ξ )x j
|x|n+1 dx+

∫

1<|x|<μ

e−i(x,ξ )x j
|x|n+1 dx=: I1+ I2.



202 Part II: Fourier Transform and Distributions

For I1 we will use integration by parts:

I1 =
1

1−n

∫

ε<|x|<1
e−i(x,ξ ) ∂

∂x j
(|x|1−n)dx

= cniξ j

∫

ε<|x|<1

e−i(x,ξ )

|x|n−1 dx+
∫

|x|=1

e−i(x,ξ )x j
|x|n dσ −

∫

|x|=ε

e−i(x,ξ )x j
|x|n dσ

→ cniξ j

∫

|x|<1

e−i(x,ξ )

|x|n−1 dx+
∫

|x|=1
e−i(x,ξ )x jdσ −0, ε → 0+ .

But

∫

|x|=1
x je

−i(x,ξ )dσ = i
∂

∂ξ j

∫

|x|=1
e−i(x,ξ )dσ = i

∂
∂ξ j

∫

|x|=1
cos(|ξ | · x1)dσ

= − iξ j

|ξ |
∫

|x|=1
x1 · sin(|ξ | · x1)dσ = −iξ j ·C1, |ξ | = 1,

where we have used the fact that a rotation maps ξ to (|ξ |,0, . . . ,0). Similarly, we
may conclude that

∫

|x|<1

e−i(x,ξ )

|x|n−1 dx=
∫

|x|<1
cos(|ξ |x1)|x|1−ndx=C2, |ξ | = 1.

If we collect all of these things, we obtain

I1 →Cniξ j, |ξ | = 1

as ε → 0+. For I2 we will use the following technique:

I2 →
∫

|x|>1

e−i(x,ξ )x j
|x|n+1 dx= i

∂
∂ξ j

∫

|x|>1

e−i(x,ξ )

|x|n+1 dx

= i
∂

∂ξ j

∫

|x|>1
|x|−n−1 cos(|ξ | · x1)dx

= − iξ j

|ξ |
∫

|x|>1

x1 sin(|ξ |x1)
|x|n+1 dx= −iξ j · const, |ξ | = 1, μ → +∞.

Exercise 21.7. Prove the convergence of the last integral.

Collecting these integrals, we obtain that

p̂.v.Rj = iξ j ·Cn









Chapter 22
Fundamental Solution of the Helmholtz
Operator

Let us consider a linear partial differential operator of order m in the form

L(x,D) = ∑
|α|≤m

aα(x)Dα , x ∈ R
n,

where α = (α1, . . . ,αn) is a multi-index, Dα = Dα1
1 · · ·Dαn

n , and Dj = 1
i

∂
∂x j

.

In this chapter, Ω is a bounded domain in R
n, or Ω = R

n.

Definition 22.1. A fundamental solution for L in Ω is a distribution E in x that
satisfies

LxE(x|y) = δ (x− y)

in D ′(Ω) with parameter y ∈ Ω , i.e., 〈LxE,ϕ〉 = ϕ(y) for ϕ ∈C∞
0 (Ω).

We understand that 〈LE,ϕ〉 is defined in distributional form

〈LE,ϕ〉 = 〈E,L′ϕ〉,

where L′ is the formal adjoint operator of L given by

L′ f = ∑
|α|≤m

(−1)|α|Dα(aα(x) f (x)).

Here, L′ϕ must be in D(Ω) for ϕ from D(Ω). This will be the case, for example,
for aα(x) ∈C∞(Ω).

Two fundamental solutions for L with the same parameter y differ by a solution
of the homogeneous equation Lu = 0. Unless boundary conditions are imposed,
the homogeneous equation will have many solutions, and the fundamental solution
will not be uniquely determined. In most problems there are grounds of symmetry
or causality for selecting the particular fundamental solution for the appropriate
physical behavior.

c© Springer International Publishing AG 2017
V. Serov, Fourier Series, Fourier Transform and Their Applications
to Mathematical Physics, Applied Mathematical Sciences 197,
DOI 10.1007/978-3-319-65262-7 22
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We also observe that if L has constant coefficients, we can find the fundamental
solution in the form E(x|y) = E(x− y|0) := E(x− y). This fact follows from the
properties of the Fourier transform:

̂LxE(x− y) = ∑
|α|≤m

aα ξ α ̂E(x− y) = ∑
|α|≤m

aα ξ αe−i(ξ ,y) ̂E(x)

= e−i(ξ ,y) ̂δ (x) = ̂δ (x− y),

i.e.,
LxE(x− y) = δ (x− y).

Exercise 22.1. Let L be a differential operator with constant coefficients. Prove that
u= q∗E = E ∗q solves the inhomogeneous equation

Lu= q

in D′.

Remark 22.2. In many cases the fundamental solution is a function. We can there-
fore write u as an integral

u(x) =
∫

Ω
E(x− y)q(y)dy.

Remark 22.3. In order for the convolution product E ∗q (or q∗E) to be well defined,
we have to assume that, for example, q vanishes outside a finite sphere.

Remark 22.4. If L does not have constant coefficients, we can no longer appeal to
convolution products; instead, one can often show that

u(x) =
∫

Ω
E(x|y)q(y)dy.

Definition 22.5. We denote by a0(x,ξ ) the main (or principal) symbol of L(x,D)

a0(x,ξ ) = ∑
|α|=m

aα(x)ξ α , ξ ∈ R
n.

Assume that the aα(x) are “smooth.” An operator L(x,D) is said to be elliptic in Ω
if for every x ∈ Ω and ξ ∈ R

n\{0} it follows that

a0(x,ξ ) �= 0.

Exercise 22.2. Let aα(x) be real for |α| = m. Prove that the previous definition is
equivalent to
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(1) m is even,
(2) a0(x,ξ )≥CK |ξ |m (or −a0(x,ξ )≥CK |ξ |m),CK > 0, for every compact set K ⊂

Ω and for all ξ ∈ R
n and x ∈ K.

Let us consider the heat equation

⎧

⎨

⎩

∂u
∂ t

= Δu, t > 0,x ∈ R
n,

u(x,0) = f (x), x ∈ R
n

in S′(Rn). Take the Fourier transform with respect to x to obtain

⎧

⎨

⎩

∂
∂ t

û(ξ , t) = −ξ 2û(ξ , t), t > 0,

û(ξ ,0) = ̂f (ξ ).

This initial value problem for an ordinary differential equation has the solution

û(ξ , t) = e−t|ξ |2
̂f (ξ ).

Hence

u(x, t) =F−1(e−t|ξ |2
̂f (ξ )) = (2π)−

n
2F−1(e−t|ξ |2)∗ f = P(·, t)∗ f ,

where

P(x, t) = (2π)−n
∫

Rn
e−t|ξ |2ei(x,ξ )dξ =

1

(4πt) n
2
e− |x|2

4t .

This formula implies that

u(x, t) =
1

(4πt) n
2

∫

Rn
e− |x−y|2

4t f (y)dy.

Definition 22.6. The function P(x, t) is the fundamental solution of the heat equa-
tion and satisfies

⎧

⎪

⎨

⎪

⎩

(

∂
∂ t

−Δ
)

P(x, t) = 0, t > 0,

lim
t→0+

P(x, t) S′
= δ (x).

It is also called the Gaussian kernel or heat kernel.

We can generalize this situation as follows. Let us consider an elliptic differential
operator

L(D) = ∑
|α|≤m

aαD
α
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with constant coefficients. Assume that L(ξ )=∑|α|≤m aα ξ α > 0 for all ξ ∈ R
n\{0}.

If we consider PL(x, t) as a solution of

⎧

⎪

⎨

⎪

⎩

(

∂
∂ t

+L(D)
)

PL(x, t) = 0, t > 0,

lim
t→0+

PL(x, t)
S′
= δ (x),

then PL(x, t) is the fundamental solution of ∂
∂ t +L(D) and can be calculated by

PL(x, t) = (2π)−n
∫

Rn
e−tL(ξ )ei(x,ξ )dξ .

Lemma 22.7. Let PL(x, t) be as above. Then the function

F(x,λ ) S′
:= lim

ε→0+

∫ ∞

ε
e−λ tPL(x, t)dt

is a fundamental solution of the operator L(D)+λ I, λ > 0.

Proof. By the definitions of F and PL we have

〈F(x,λ ),ϕ〉 = lim
ε→0+

〈
∫ ∞

ε
e−λ tPL(x, t)dt,ϕ〉 = lim

ε→0+

∫ ∞

ε
e−λ t〈PL,ϕ〉dt.

Therefore,

〈(L(D)+λ )F,ϕ〉 = lim
ε→0+

∫ ∞

ε
e−λ t〈(L(D)+λ )PL,ϕ〉dt

= lim
ε→0+

∫ ∞

ε
e−λ t〈L(D)PL,ϕ〉dt+λ

∫ ∞

0
e−λ t〈PL,ϕ〉dt

= lim
ε→0+

∫ ∞

ε
e−λ t〈− ∂

∂ t
PL,ϕ〉dt+λ 〈F,ϕ〉

= lim
ε→0+

[

−e−λ t〈PL,ϕ〉|∞ε −λ
∫ ∞

ε
e−λ t〈PL,ϕ〉dt

]

+λ 〈F,ϕ〉

= lim
ε→0+

e−λε〈PL(·,ε),ϕ〉 = 〈δ ,ϕ〉

for all ϕ ∈ S. �

Exercise 22.3. Let us define a fundamental solution Γ (x, t) of ∂
∂ t +L(D) as a solu-

tion of
{

( ∂
∂ t +L)Γ (x, t) = δ (x)δ (t),

Γ (x,0) = 0.
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Prove that
F(x,λ ) :=

∫ ∞

0
e−λ tΓ (x, t)dt

is a fundamental solution of the operator L(D)+λ I,λ > 0.

Example 22.8. Let us consider L(D) = ∑n
j=1

(

1
i

∂
∂x j

)2
= −Δ . Then L(ξ ) = |ξ |2,

and the fundamental solution F(x,λ ) of the operator L(D)+λ = −Δ +λ has the
form

F(x,λ ) =
∫ ∞

0

1

(4πt) n
2
e−λ t · e− x2

4t dt =
1

(4π) n
2

∫ ∞

0
e−λ t− x2

4t · t− n
2 dt

=
1

(4π) n
2

λ
n
2−1

∫ ∞

0
e−τ− (

√
λ |x|)2
4τ τ− n

2 dτ =
1

(4π) n
2

λ
n
2−1

∫ ∞

0
e−τ− r2

4τ τ− n
2 dτ,

where r =
√

λ |x|. From our previous considerations we know that

F(x,λ ) = (2π)−n/2F−1
(

1
|ξ |2+λ

)

(x),

where F−1 is the inverse Fourier transform. The function

Kν(r) =
1
2

( r
2

)ν ∫ ∞

0
e−t− r2

4t · t−1−νdt

is called the Macdonald function of order ν . So we have

F(x,λ ) = (2π)−
n
2

( |x|√
λ

)1− n
2

Kn
2−1(

√
λ |x|).

It is known that

Kν(r) =
πi
2
eiπ

ν
2 H(1)

ν (ir), r > 0,

where H(1)
ν is the Hankel function of first kind of order ν .

Next we want to obtain estimates for F(x,λ ) for x ∈ R
n, λ > 0, and n ≥ 1. Let

us consider the integral
∫ ∞
0 e−τ− r2

4τ τ− n
2 dτ in two parts I1+ I2 =

∫ 1
0 +

∫ ∞
1 .

(1) If 0< r < 1, then

I1 =
∫ 1

0
e−y− r2

4y y− n
2 dy ≤

∫ 1

0
e− r2

4y y− n
2 dy= cnr

2−n
∫ ∞

r2
4

e−zz
n
2−2dz= cnr

2−nI′1.
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Since

I′1 ∼ c

⎧

⎪

⎨

⎪

⎩

r−1, n= 1,

log 1
r , n= 2,

1, n ≥ 3,

as r → 0+, we have

|I1| ≤ cn

⎧

⎪

⎨

⎪

⎩

1, n= 1,

log 1
r , n= 2,

r2−n, n ≥ 3.

For I2 we can simply argue that

I2 =
∫ ∞

1
e−y− r2

4y y− n
2 dy ≤ e− r2

4

∫ ∞

1
e−ydy ≤ e− r2

4 ≤ 1, r → 0+ .

(2) If r > 1, then

I1 ≤
∫ 1

0
e− r2

4y y− n
2 dy= cnr

2−n
∫ ∞

r2
4

e−zz
n
2−2dz ≤ cn

{

r−2e− r2
4 , n= 1,2,3,4

r2−ne−δ r2 , n ≥ 5,

where 0< δ < 1
4 . The last inequality follows from the fact that z

n
2−2 ≤ cεeεz for

n
2 −2> 0 and all ε > 0 (z> 1).

Since

I2 ≤
∫ ∞

1
e−y− r2

4y dy,

we perform the change of variable z := y+ r2
4y . Then z ≥ r and z → +∞. Thus

∫ ∞

1
e−y− r2

4y dy= c
∫ ∞

r
e−z

(

1+
z√

z2 − r2

)

dz

= c
∫ ∞

r
e−zdz+ c

∫ ∞

r
e−z zdz√

z2 − r2

= ce−r+ c

(

e−z
√

z2 − r2
∣

∣

∣

∞

r
+

∫ ∞

r
e−z

√

z2 − r2dz

)

= c

(

e−r+
∫ ∞

r
e−z

√

z2 − r2dz

)

≤ ce−δ r

for all 0< δ < 1.
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(rn−1u′)′ +λ rn−1u= 0.

This equation can be reduced to one of Bessel type by making the substitution u =
wr1−

n
2 . A straightforward calculation shows that

(rw′)′ −
(

1− n
2

)2 w
r
+λ rw= 0,

or

w′′ +
w′

r
+

(

λ −
(

1− n
2

)2 1
r2

)

w= 0,

or

v′′(r
√

λ )+
v′(r

√
λ )

r
√

λ
+

(

1−
(

1− n
2

)2 1
λ r2

)

v(r
√

λ ) = 0, w(r) = v(r
√

λ ).

This is the Bessel equation of order n
2 − 1. Its two linearly independent solutions

are the Bessel functions Jn
2−1 and Yn

2−1 of the first and second kinds, respectively.
Therefore the general solution is of the form

w(r) = c′
0Jn

2−1(
√

λ r)+ c′
1Yn

2−1(
√

λ r).

For us it is convenient to write it in terms of Hankel functions of the first and second
kinds as

w(r) = c0H
(1)
n
2−1(

√
λ r)+ c1H

(2)
n
2−1(

√
λ r),

where
H(1)

ν (z) = Jν(z)+ iYν(z), H(2)
ν (z) = Jν(z)− iYν(z).

The corresponding general solution u is

u(r) = r1−
n
2

[

c0H
(1)
n
2−1(

√
λ r)+ c1H

(2)
n
2−1(

√
λ r)

]

.

If λ /∈ [0,+∞), then
√

λ has positive imaginary part, and the solutionH(2)
n
2−1(

√
λ r) is

exponentially large at z = +∞, whereas H(1)
n
2−1(

√
λ r) is exponentially small. Hence

we take
En(x,λ ) = c0r

1− n
2H(1)

n
2−1(

√
λ r).

Exercise 22.4. Prove that

lim
ε→0+

∫

|x|=ε

∂En

∂ r
dσ(x) = 1
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Remark 22.11. We conclude that

(2π)−n/2F−1
(

1
|ξ |2 −λ − i0

)

=
i
4

( √
λ

2π|x|

) n−2
2

H(1)
n−2
2
(
√

λ |x|),

for λ > 0. A direct calculation shows that

En(x,0) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

−|x|
2 , n= 1,

1
2π log 1

|x| , n= 2,
|x|2−n

(n−2)ωn
, n ≥ 3.
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Our aim is to prove the following result.

Theorem 23.1. Let k > 0 and 2
n ≥ 1

p − 1
p′ ≥ 2

n+1 for n ≥ 3 and 1 > 1
p − 1

p′ ≥ 2
3 for

n= 2, where 1
p +

1
p′ = 1. Then there exists a constant C independent of k and f such

that

‖(−Δ − k2 − i0)−1 f‖Lp′ (Rn) ≤Ck
n
(

1
p− 1

p′
)
−2‖ f‖Lp(Rn).

Remark 23.2. In what follows we will use the notation Ĝk instead of (−Δ − k2 −
i0)−1.

Proof. First we prove that if the claim holds for k= 1, then it holds for every k > 0.
So let us assume that

‖Ĝ1 f‖Lp′ (Rn) ≤C‖ f‖Lp(Rn).

Set Tδ f := f (δx),δ > 0. It is clear that ‖Tδ f‖Lp(Rn) = δ− n
p ‖ f‖Lp(Rn). It is not dif-

ficult to show that Ĝk = k−2TkĜ1T1
k
. Indeed, since

Ĝk f = (2π)−n
∫
Rn

∫
Rn

ei(y,ξ ) f (x− y)dξ dy
|ξ |2 − k2 − i0

,

we get

Ĝ1T1
k
f = (2π)−n

∫
Rn

∫
Rn

ei(y,ξ ) f ( x−y
k )dξ dy

|ξ |2 −1− i0
.

It follows that

TkĜ1T1
k
f = (2π)−n

∫
Rn

∫
Rn

ei(y,ξ ) f (x− y
k )dξ dy

|ξ |2 −1− i0

= (2π)−n
∫
Rn

∫
Rn

ei(z,η)k−n f (x− z)kndzdη
|η |2
k2 −1− i0

= (2π)−nk2
∫
Rn

∫
Rn

ei(z,η) f (x− z)dzdη
|η |2 − k2 − i0

.

This proves that
k2Ĝk f ≡ TkĜ1T1

k
f ,

which we use to get

‖Ĝk f‖Lp′ = k−2‖TkĜ1T1
k
f‖Lp′ = k−2k

− n
p′ ‖Ĝ1T1

k
f‖Lp′

≤Ck
−2− n

p′ ‖T1
k
f‖Lp =Ck

−2− n
p′

(
1
k

)− n
p

‖ f‖Lp =Ck
n
(

1
p− 1

p′
)
−2‖ f‖Lp .
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It therefore suffices to prove this theorem for k = 1.

The rest of the proof makes use of the following lemmas.

Lemma 23.3. Let ω(x) ∈ S(Rn), 0 < ε < 1, and σε ω(ξ ) = ε−nω
(

ξ
ε

)
. Let us set

Pε(ξ ) := p.v.

(
1

|η |2 −1
∗σε ω

)
(ξ ).

Then
|Pε(ξ )| ≤ c

ε
.

Proof. For Pε we have the following representation:

Pε = p.v.

(∫
1−ε≤|η |≤1+ε

+
∫

|η |<1−ε
+

∫
|η |>1+ε

)
σε ω(ξ −η)

|η |2 −1
dη =: I1 + I2 + I3.

The integrals I2 and I3 can be easily bounded by ε−1‖ω‖L1 , because |η | < 1 − ε
implies that

∣∣∣ 1
|η |2−1

∣∣∣= 1
1−|η |2 < 1

ε and |η | > 1+ε implies that
∣∣∣ 1
|η |2−1

∣∣∣= 1
|η |2−1

< 1
ε .

By the definition of p.v. we have

I1 = lim
δ→0+

∫
δ<|1−|η ||<ε

σε ω(ξ −η)
|η |2 −1

dη

= lim
δ→0+

(∫ 1−δ

1−ε
+

∫ 1+ε

1+δ

)∫
Sn−1

σε ω(ξ − rθ)
rn−1

r2 −1
dθdr.

Replacing r with 2− r in the latter integral, we obtain

I1 = lim
δ→0+

∫ 1−δ

1−ε

F(r,ξ )
r−1

dr,

where

F(r,ξ ) =
∫
Sn−1

[
σε ω(ξ − rθ)

rn−1

r+1
−σε ω(ξ − (2− r)θ)

(2− r)n−1

3− r

]
dθ .

If we observe that F(1,ξ ) = 0, then we get by the mean value theorem (Lagrange
formulas) that

∣∣∣∣
∫ 1−δ

1−ε

F(r,ξ )
r−1

dr

∣∣∣∣ =
∣∣∣∣
∫ 1−δ

1−ε

F(r,ξ )−F(1,ξ )
r−1

dr

∣∣∣∣ ≤ (ε −δ ) sup
1−ε<r<1

∣∣∣∣∂F
∂ r

(r,ξ )
∣∣∣∣

≤ ε sup
1−ε<r<1

∣∣∣∣∂F
∂ r

∣∣∣∣ .



















































Part III
Operator Theory and Integral Equations



Chapter 24
Introduction

Despite the fact that this part is devoted to Hilbert spaces, it is assumed that the fol-
lowing concepts are known (they are necessary mainly for examples and exercises):

(1) the Lebesgue integral in a bounded domain Ω ⊂ R
n and in Rn;

(2) functions of bounded variation BV [a,b] on an interval [a,b] (see Part I for
details);

(3) the Stieltjes integral of continuous functions on [a,b];
(4) a complete normed space Ck(Ω), k = 0,1,2, . . ., on a closed bounded domain

Ω ⊂ R
n defined by

Ck(Ω) := { f : Ω → C : ‖ f‖Ck(Ω) :=max
Ω

∑
|α|≤k

|∂ α f (x)| < ∞},

where α is an n-dimensional multi-index, i.e., α = (α1, . . . ,αn), α j ∈N∪{0},
j = 1,2, . . . ,n with |α| = α1+α2+ · · ·+αn and ∂ α f = ∂ |α| f

∂xα1
1 ···∂xαn

n
;

(5) a complete normed space L∞(Ω) defined by

L∞(Ω) := { f : Ω → C : ‖ f‖L∞(Ω) := esssup
Ω

| f (x)| < ∞};

(6) a complete normed space L1(Ω) for an open set Ω ⊂ R
n defined by

L1(Ω) := { f : Ω → C : ‖ f‖L1(Ω) :=
∫

Ω
| f (x)|dx< ∞};

(7) the generalized (in the L2 sense) derivatives ∂ α f (x), α = (α1, . . . ,αn) (see Part
II for details);

c© Springer International Publishing AG 2017
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Chapter 25
Inner Product Spaces and Hilbert Spaces

A collection of elements H is called a complex (real) vector space (linear space) if
the following axioms are satisfied:

(1) To every pair x,y ∈ H there corresponds a vector x+ y, called the sum, with the
following properties:

(a) x+ y = y+ x;
(b) x+(y+ z) = (x+ y)+ z ≡ x+ y+ z;
(c) there exists a unique element 0 ∈ H such that x+0= x;
(d) for every x ∈ H there exists a unique element y1 ∈ H such that x+ y1 = 0.

We set y1 := −x.

(2) For every x ∈ H and every λ ,μ ∈ C there corresponds a vector λ · x such that

(a) λ (μx) = (λ μ)x ≡ λ μx;
(b) (λ +μ)x = λx+μx;
(c) λ (x+ y) = λx+λy;
(d) 1 · x = x.

Definition 25.1. For a linear space H, a mapping (·, ·) : H × H → C is called an
inner product or a scalar product if for every x,y,z ∈ H and λ ∈ C the following
conditions are satisfied:

(1) (x,x) ≥ 0 and (x,x) = 0 if and only if x = 0;
(2) (x,y+ z) = (x,y)+(x,z);
(3) (λx,y) = λ (x,y);
(4) (x,y) = (y,x).

A linear space equipped with an inner product is called an inner product space.

c© Springer International Publishing AG 2017
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DOI 10.1007/978-3-319-65262-7 25
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An immediate consequence of this definition is that

(λx+μy,z) = λ (x,z)+μ(y,z),

(x,λy) = λ (x,y),

for every x,y,z ∈ H and λ ,μ ∈ C.

Example 25.2. In the complex Euclidean space H = C
n the standard inner product

is

(x,y) =
n

∑
j=1

x jy j,

where x = (x1, . . . ,xn) ∈ C
n and y = (y1, . . . ,yn) ∈ C

n.

Example 25.3. In the linear space C[a,b] of continuous complex-valued functions,
the formula

( f ,g) =
∫ b

a
f (x)g(x)dx

defines an inner product.

Definition 25.4. Suppose H is an inner product space. Then

(1) x ∈ H is orthogonal to y ∈ H if (x,y) = 0.

(2) A system {xα}α∈I ⊂ H is orthonormal if (xα ,xβ ) = δα,β =

{
1, α = β ,
0, α �= β ,

where I is some index set.
(3) ‖x‖ :=

√
(x,x) is called the length of x ∈ H.

Exercise 25.1. Prove the Pythagorean theorem: If {x j}k
j=1, k ∈ N, is an orthonor-

mal system in an inner product space H, then

‖x‖2 =
k

∑
j=1

|(x,x j)|2+
∥∥∥∥∥x−

k

∑
j=1

(x,x j)x j

∥∥∥∥∥
2

for every x ∈ H.

Exercise 25.2. Prove Bessel’s inequality: if {x j}k
j=1, k ≤ ∞, is an orthonormal sys-

tem, then
k

∑
j=1

|(x,x j)|2 ≤ ‖x‖2 ,

for every x ∈ H.



25 Inner Product Spaces and Hilbert Spaces 251

Exercise 25.3. Prove the Cauchy–Bunyakovsky–Schwarz inequality:

|(x,y)| ≤ ‖x‖‖y‖ , x,y ∈ H.

Prove also that (·, ·) is continuous as a map from H ×H to C.

If H is an inner product space, then

‖x‖ :=
√
(x,x)

has the following properties:

(1) ‖x‖ ≥ 0 for every x ∈ H and ‖x‖ = 0 if and only if x = 0.
(2) ‖λx‖ = |λ |‖x‖ for every x ∈ H and λ ∈ C.
(3) ‖x+ y‖ ≤ ‖x‖+‖y‖ for every x,y ∈ H. This is the triangle inequality.

The function ‖·‖ =
√
(·, ·) is thus a norm on H. It is called the norm induced by the

inner product.
Every inner product space H is a normed space under the induced norm. The

neighborhood of x ∈ H is the open ball Br(x) = {y ∈ H : ‖x− y‖ < r}. This system
of neighborhoods defines the norm topology on H such that the following conditions
are satisfied:

(1) Addition x+ y is a continuous map H ×H → H.
(2) Scalar multiplication λ · x is a continuous map C×H → H.
(3) The inner product (x,y) : H ×H → C is continuous.

Definition 25.5. (1) A sequence {x j}∞
j=1 ⊂ H is called a Cauchy sequence if for

every ε > 0 there exists n0 ∈ N such that
∥∥xk − x j

∥∥ < ε for k, j ≥ n0.
(2) A sequence {x j}∞

j=1 ⊂ H is said to be convergent if there exists x ∈ H such that

for every ε > 0 there exists n0 ∈ N such that
∥∥x− x j

∥∥ < ε whenever j ≥ n0.
(3) An inner product space H is a complete space if every Cauchy sequence in H

converges.

Corollary 25.6. (1) Every convergent sequence is a Cauchy sequence.
(2) If {x j}∞

j=1 converges to x ∈ H, then

lim
j→∞

∥∥x j
∥∥ = ‖x‖ .

Definition 25.7 (J. von Neumann, 1925). A Hilbert space is an inner product
space that is complete (with respect to its norm topology).

Exercise 25.4. Prove that in an inner product space the norm induced by this inner
product satisfies the parallelogram law

‖x+ y‖2+‖x− y‖2 = 2‖x‖2+2‖y‖2 .
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Exercise 25.5. Prove that if in a normed space H the parallelogram law holds, then
there is an inner product on H such that ‖x‖2 = (x,x) and that this inner product is
defined by the polarization identity

(x,y) :=
1
4

(
‖x+ y‖2 −‖x− y‖2+ i‖x+ iy‖2 − i‖x− iy‖2

)
.

Exercise 25.6. Prove that on C[a,b] the norm

‖ f ‖ = max
x∈[a,b]

| f (x)|

is not induced by an inner product.

Exercise 25.7. Give an example of an inner product space that is not complete.

Next we list some examples of Hilbert spaces.

(1) The Euclidean spaces Rn and C
n.

(2) The matrix space Mn(C) consisting of n×n matrices whose elements are com-
plex numbers. For A,B ∈ Mn(C) the inner product is given by

(A,B) =
n

∑
k, j=1

ak jbk j = Tr(AB∗),

where B∗ = B
T
.

(3) The sequence space l2(C) defined by

l2(C) :=

{
{x j}∞

j=1,x j ∈ C :
∞

∑
j=1

|x j|2 < ∞

}
.

The estimates

|x j + y j|2 ≤ 2
(|x j|2+ |y j|2

)
, |λx j|2 = |λ |2|x j|2

and

|x jy j| ≤ 1
2

(|x j|2+ |y j|2
)

imply that l2(C) is a linear space. Let us define the inner product by

(x,y) :=
∞

∑
j=1

x jy j

and prove that l2(C) is complete. Suppose that {x(k)}∞
k=1 ∈ l2(C) is a Cauchy

sequence. Then for every ε > 0 there exists n0 ∈ N such that
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∥∥∥x(k) − x(m)
∥∥∥2

=
∞

∑
j=1

|x(k)j − x(m)
j |2 < ε2

for k,m ≥ n0. This implies that

|x(k)j − x(m)
j | < ε, j = 1,2, . . . ,

or that {x(k)j }∞
k=1 is a Cauchy sequence in C for every j = 1,2, . . .. Since C is a

complete space, it follows that {x(k)j }∞
k=1 converges for every fixed j = 1,2, . . .,

i.e., there exists x j ∈ C such that

x j = lim
k→∞

x(k)j .

This fact and
l

∑
j=1

|x(k)j − x(m)
j |2 < ε2, l ∈ N,

imply that

lim
m→∞

l

∑
j=1

|x(k)j − x(m)
j |2 =

l

∑
j=1

|x(k)j − x j|2 ≤ ε2

for all k ≥ n0 and l ∈ N. Therefore, the sequence

sl :=
l

∑
j=1

|x(k)j − x j|2, k ≥ n0,

is a monotonically increasing sequence that is bounded from above by ε2.
Hence this sequence has a limit with the same upper bound, i.e.,

∞

∑
j=1

|x(k)j − x j|2 = lim
l→∞

l

∑
j=1

|x(k)j − x j|2 ≤ ε2,

from which we conclude that

‖x‖ ≤
∥∥∥x(k)

∥∥∥+
∥∥∥x(k) − x

∥∥∥ ≤
∥∥∥x(k)

∥∥∥+ ε

and x ∈ l2(C).
(4) The Lebesgue space L2(Ω), where Ω ⊂ R

n is an open set. The space L2(Ω)
consists of all Lebesgue measurable functions f that are square integrable, i.e.,

∫
Ω

| f (x)|2dx < ∞.
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This space is a linear space with the inner product

( f ,g) =
∫

Ω
f (x)g(x)dx

and the Riesz–Fischer theorem reads as follows: L2(Ω) is a Hilbert space.
(5) The Sobolev spaces W k

2 (Ω) consisting of functions f ∈ L2(Ω) whose weak
or distributional derivatives ∂ α f also belong to L2(Ω) up to order |α| ≤ k,
k = 1,2, . . .. On the space W k

2 (Ω) the natural inner product is

( f ,g) = ∑
|α|≤k

∫
Ω

∂ α f (x)∂ α g(x)dx.

Definition 25.8. Let H be an inner product space. For a linear subspace M ⊂ H the
orthogonal complement of M is defined as

M⊥ := {y ∈ H : (y,x) = 0, for allx ∈ M} .

Remark 25.9. It is clear that M⊥ is a linear subspace of H. Moreover, M ∩ M⊥ =
{0}, since we always have 0 ∈ M.

Definition 25.10. A closed subspace of a Hilbert space H is a linear subspace of H
that is closed (i.e., M = M) with respect to the induced norm.

Remark 25.11. The subspace M⊥ is closed if M is a subset of a Hilbert space.

Theorem 25.12 (Projection theorem). Suppose M is a closed subspace of a
Hilbert space H. Then every x ∈ H has a unique representation as

x = u+ v,

where u ∈ M and v ∈ M⊥, or equivalently,

H = M ⊕M⊥.

Moreover, one has that

‖v‖ = inf
y∈M

‖x− y‖ =: d(x,M).

Proof. Let x ∈ H. Then

d := d(x,M) ≡ inf
y∈M

‖x− y‖ ≤ ‖x−u‖

for all u ∈ M. The definition of infimum implies that there exists a sequence
{u j}∞

j=1 ⊂ M such that
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d = lim
j→∞

∥∥x−u j
∥∥ .

The parallelogram law implies that

∥∥u j −uk
∥∥2=

∥∥(u j − x)+(x−uk)
∥∥2= 2

∥∥u j − x
∥∥2+2‖x−uk‖2−4

∥∥∥∥x− u j +uk

2

∥∥∥∥
2

.

Since (u j +uk)/2 ∈ M, it follows that

∥∥u j −uk
∥∥2 ≤ 2

∥∥u j − x
∥∥2+2‖x−uk‖2 −4d2 → 2d2+2d2 −4d2 = 0

as j,k → ∞. Hence {u j}∞
j=1 ⊂ M is a Cauchy sequence in the Hilbert space H. This

means that there exists u ∈ H such that

u = lim
j→∞

u j.

But M = M implies that u ∈ M. By construction one has that

d = lim
j→∞

∥∥x−u j
∥∥ = ‖x−u‖ .

Let us set v := x − u and show that v ∈ M⊥. For all y ∈ M, y �= 0, we introduce the
number

α = − (v,y)
‖y‖2 .

Since u−αy ∈ M, we have

d2 ≤ ‖x− (u−αy)‖2 = ‖v+αy‖2 = ‖v‖2+(v,αy)+(αy,v)+ |α|2 ‖y‖2

= d2 − (v,y)(v,y)
‖y‖2 − (v,y)(y,v)

‖y‖2 +
|(v,y)|2
‖y‖2 = d2 − |(v,y)|2

‖y‖2 .

This inequality implies that (y,v) = 0, which means that v ∈ M⊥. In order to prove
uniqueness, assume that x = u1+ v1 = u2+ v2, where u1,u2 ∈ M and v1,v2 ∈ M⊥.
It follows that

u1 −u2 = v2 − v1 ∈ M ∩M⊥.

But M ∩M⊥ = {0}, so that u1 = u2 and v1 = v2. �

Remark 25.13. In the framework of this theorem we have that

‖x‖2 = ‖u‖2+‖v‖2 , ‖v‖2 = (x,v), ‖u‖2 = (x,u).
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(y,x j) = lim
k→∞

(x(k),x j) = (x,x j)

for all j = 1,2, . . .. Therefore, (y− x,x j) = 0 for all j = 1,2, . . .. Part (2) implies
that y = x and part (3) follows.

(3)⇒(4) Let x,y ∈ H. We know from part (3) that

x =
∞

∑
j=1

(x,x j)x j, y =
∞

∑
k=1

(y,xk)xk.

The continuity of the inner product and the orthonormality of {x j}∞
j=1 allow us

to conclude that

(x,y) =
∞

∑
j=1

∞

∑
k=1

(x,x j)(y,xk)(x j,xk) =
∞

∑
j=1

(x,x j)(y,x j).

(4)⇒(5) Take y = x in part (4).
(5)⇒(1) Suppose that B is not maximal. Then we can add a unit vector z ∈ H to it

that is orthogonal to B. Parseval’s equality gives then

1= ‖z‖2 =
∞

∑
j=1

|(z,x j)|2 = 0.

This contradiction proves the result. �

Exercise 25.8. Let {x j}∞
j=1 be an orthonormal system in an inner product space H.

Let x ∈ H, {c j}k
j=1 ⊂ C, and k ∈ N. Prove that

∥∥∥∥∥x−
k

∑
j=1

(x,x j)x j

∥∥∥∥∥ ≤
∥∥∥∥∥x−

k

∑
j=1

c jx j

∥∥∥∥∥ .



Chapter 26
Symmetric Operators in Hilbert Spaces

Assume that H is a Hilbert space. A linear operator from H to H is a mapping

A : D(A) ⊂ H → H,

where D(A) is a linear subspace of H and A satisfies the condition

A(λx+μy) = λAx+μAy

for all λ ,μ ∈ C and x,y ∈ D(A). The space D(A) is called the domain of A. The
space

N(A) := {x ∈ D(A) : Ax= 0}

is called the null space (or kernel) of A. The space

R(A) := {y ∈ H : y= Ax for some x ∈ D(A)}

is called the range of A. Both N(A) and R(A) are linear subspaces of H. We say that
A is bounded if there exists M > 0 such that

‖Ax‖ ≤ M ‖x‖ , x ∈ D(A).

We say that A is densely defined if D(A) = H. In such a case, A can be extended
to Aex, which will be defined on the whole H with the same norm estimate, and we
may define

‖A‖H→H := inf{M : ‖Ax‖ ≤ M ‖x‖ ,x ∈ D(A)},

or equivalently,
‖A‖H→H = sup

‖x‖=1
‖Ax‖ .
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Example 26.1 (Integral operator in L2). Suppose thatK(s, t)∈L2(Ω ×Ω),Ω ⊂ R
n.

Let us show that the integral operator ̂K defined as

̂K f (s) =
∫

Ω
K(s, t) f (t)dt, f ∈ L2(Ω)

is bounded. Indeed,

∥

∥

∥

̂K f
∥

∥

∥

2

L2(Ω)
=
∫

Ω
|̂K f (s)|2ds=

∫

Ω

∣

∣

∣

∣

∫

Ω
K(s, t) f (t)dt

∣

∣

∣

∣

2

ds

=
∫

Ω

∣

∣(K(s, ·), f )L2
∣

∣

2
ds ≤

∫

Ω
‖K(s, ·)‖2L2

∥

∥ f
∥

∥

2
L2 ds

=
∫

Ω

(
∫

Ω
|K(s, t)|2dt

∫

Ω
| f (t)|2dt

)

ds= ‖K‖2L2(Ω×Ω) ‖ f‖2L2(Ω) ,

where we have made use of the Cauchy–Bunyakovsky–Schwarz inequality. We
therefore have ∥

∥

∥

̂K
∥

∥

∥

L2→L2
≤ ‖K‖L2(Ω×Ω) .

The norm ∥

∥

∥

̂K
∥

∥

∥

HS
:= ‖K‖L2(Ω×Ω)

is called the Hilbert–Schmidt norm of ̂K.

Example 26.2 (Schur test). Assume that p and q are positive measurable functions
on Ω ⊂ R

n and α and β are positive numbers such that

∫

Ω
|K(x,y)|p(y)dy ≤ αq(x), a.e. in Ω

and
∫

Ω
|K(x,y)|q(x)dx ≤ β p(y), a.e. in Ω .

Then ̂K is bounded and ∥

∥

∥

̂K
∥

∥

∥

L2→L2
≤
√

αβ .

Proof. For all f ∈ L2(Ω) we have
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(A f ,g) = p0

∫ 1

0
f ′′ ·gdt+ ip1

∫ 1

0
f ′ ·gdt+ p2

∫ 1

0
f ·gdt

= p0

[

f ′g
∣

∣

1
0 −

∫ 1

0
f ′ ·g′dt

]

+ ip1

[

f g|10 −
∫ 1

0
f ·g′dt

]

+ p2( f ,g)L2

= −p0

∫ 1

0
f ′ ·g′dt− ip1

∫ 1

0
f ·g′dt+( f , p2g)L2

= −p0

[

f g′∣∣1
0 −

∫ 1

0
f ·g′′dt

]

+( f , ip1g′)L2 +( f , p2g)L2

= p0

∫ 1

0
f ·g′′dt+( f , ip1g′)L2 +( f , p2g)L2 = ( f ,Ag)L2

for all f ,g ∈ D(A). Moreover, for the sequence un(t) = sin(nπt) we have (for suffi-
ciently large n) that

‖Aun‖2L2 =
∫ 1

0
|p0(sin(nπt))′′ + ip1(sin(nπt))′ + p2 sin(nπt)|2dt

=
∫ 1

0

[

(p0(nπ)2 − p2)2 sin2(nπt)+(nπ)2p21 cos2(nπt)
]

dt

≥
∫ 1

0

[

(nπ)4

2
p20 sin

2(nπt)+(nπ)2p21 cos2(nπt)
]

dt

≥ (nπ)2p21
∫ 1

0

(

sin2(nπt)+ cos2(nπt)
)

dt

= 2(nπ)2p21
1
2
= 2(nπ)2p21 ‖un‖2L2 .

So A is unbounded, since
‖A‖2L2→L2 ≥ 2(nπ)2p21

for n → ∞.

From now on we assume that D(A) = H, i.e., that A is densely defined in any case.

Definition 26.9. The graph Γ (A) of a linear operator A in a Hilbert space H is
defined as

Γ (A) := {(x;y) ∈ H ×H : x ∈ D(A) and y= Ax} .

Remark 26.10. The graph Γ (A) is a linear subspace of a Hilbert space H ×H. The
inner product in H ×H can be defined as

((x1;y1) ,(x2;y2))H×H := (x1,x2)H +(y1,y2)H

for all (x1;y1) ,(x2;y2) ∈ H ×H.
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Definition 26.11. The operator A is said to be closed if Γ (A) = Γ (A). We denote
this fact by A= A.

By definition, the criterion for closedness is that

⎧

⎪

⎨

⎪

⎩

xn ∈ D(A),
xn → x,

Axn → y

⇒
{

x ∈ D(A),
y= Ax.

The reader is asked to verify that it is also possible to use a seemingly weaker, but
equivalent, criterion:

⎧

⎪

⎨

⎪

⎩

xn ∈ D(A),
xn

w→ x,

Axn
w→ y

⇒
{

x ∈ D(A),
y= Ax,

where xn
w→ x indicates weak convergence in the sense that

(xn,y) → (x,y)

for all y ∈ H.

Remark 26.12. It is important from the point of view of applications (in particular,
for numerical procedures) that the closedness of an operator guarantees the conver-
gence of some process to the “correct” result.

Definition 26.13. Let A and A1 be two linear operators in a Hilbert space H. The
operator A1 is called an extension of A (or A is a restriction of A1) if D(A) ⊂ D(A1)
and Ax= A1x for all x ∈ D(A). We denote this fact by A ⊂ A1 and A= A1|D(A).
Definition 26.14. An operator A is called closable if A has an extension A1 and
A1 = A1. The closure of A, denoted by A, is the smallest closed extension of A if it
exists, i.e.,

A=
⋂

A⊂A1
A1=A1

A1.

Here, by A1 ∩˜A1 we mean the operator whose domain is D(A1 ∩˜A1) := D(A1)∩
D(˜A1) and

(A1 ∩˜A1)x := A1x=˜A1x, x ∈ D(A1 ∩˜A1),

whenever A ⊂ A1 = A1 and A ⊂˜A1 =˜A1.

If A is closable, then Γ
(

A
)

= Γ (A).
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Definition 26.15. Consider the subspace

D∗ := {v ∈ H : there existsh ∈ H such that(Ax,v) = (x,h) for allx ∈ D(A)} .

The operator A∗ with domainD(A∗) :=D∗ and mapping A∗v= h is called the adjoint
operator of A.

Exercise 26.4. Prove that A∗ exists as a unique linear operator.

Remark 26.16. The adjoint operator is maximal among all linear operators B (in the
sense that B ⊂ A∗) that satisfy

(Ax,y) = (x,By)

for all x ∈ D(A) and y ∈ D(B).

Example 26.17. Consider the operator

A f (x) := x−α f (x), α > 0

in the Hilbert space H = L2(0,1). Let us define

D(A) :=
{

f ∈ L2(0,1) : f (x) = χn(x)g(x),g ∈ L2 for some n ∈ N
}

,

where

χn(x) =

{

0, 0 ≤ x ≤ 1/n,

1, 1/n< x ≤ 1.

It is clear that D(A) = L2(0,1). For v ∈ D(A∗) we have

(A f ,v) =
∫ 1

0
x−α χn(x)g(x)v(x)dx=

∫ 1

0
f (x)x−αv(x)dx= ( f ,A∗v).

We conclude that
D(A∗) =

{

v ∈ L2 : x−αv ∈ L2
}

.

Let us show that A is not closed. To see this, we take the sequence

fn(x) =

{

xα , 1/n< x ≤ 1,

0, 0 ≤ x ≤ 1/n.

Then fn ∈ D(A) and

A fn(x) =

{

1, 1/n< x ≤ 1,

0, 0 ≤ x ≤ 1/n.
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If we assume that A= A, then

⎧

⎪

⎨

⎪

⎩

fn ∈ D(A),
fn → xα ,

A fn → 1

⇒
{

xα ∈ D(A),
1= Axα .

But xα /∈ D(A). This contradiction shows that A is not closed. It is not bounded
either, since α > 0.

Theorem 26.18. Let A be a linear and densely defined operator. Then

(1) A∗ = A∗.
(2) A is closable if and only if D(A∗) = H. In this case A∗∗ := (A∗)∗ = A.
(3) If A is closable, then

(

A
)∗ = A∗.

Proof. (1) Let us define inH×H the linear and bounded operatorV as the mapping

V : (u;v) → (v;−u).

It has the property V 2 = −I. The equality (Au,v) = (u,A∗v) for u ∈ D(A) and
v ∈ D(A∗) can be rewritten as

(V (u;Au),(v;A∗v))H×H = 0.

This implies that Γ (A∗)⊥VΓ (A) and Γ (A∗)⊥VΓ (A), which in turn means that

Γ (A∗) ⊂
(

VΓ (A)
)⊥

. Let us check that the criterion for closedness holds, i.e.,

⎧

⎪

⎨

⎪

⎩

vn ∈ D(A∗),
vn → v,

A∗vn → y

⇒
{

v ∈ D(A∗),
y= A∗v.

Indeed, for all u ∈ D(A) we have

(Au,vn) → (Au,v).

On the other hand,
(Au,vn) = (u,A∗vn) → (u,y).

Hence (Au,v) = (u,y). Thus v ∈ D(A∗) and y= A∗v. This proves (1).
(2) Assume D(A∗) = H. Then A∗∗ exists and due to part (1) we may conclude that

Γ (A∗) ⊂VΓ (A)
⊥
.
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Then
VΓ (A) ⊂ Γ (A∗)⊥.

It follows that
Γ (A) ⊂ (−VΓ (A∗))⊥ ,

since V 2 = −I. Here

−VΓ (A∗) = {(−A∗u;u),u ∈ D(A∗)}.

Thus
(−VΓ (A∗))⊥ = {(e1;e2)},

so that
(−A∗u,e1)H +(u,e2)H = 0,

or
(A∗u,e1)H = (u,e2)H .

Therefore, e1 ∈ D(A∗∗) and A∗∗e1 = e2. This shows that (e1;e2) ∈ Γ (A∗∗) and
hence

(−VΓ (A∗))⊥ ⊂ Γ (A∗∗).

Therefore,
Γ (A) ⊂ Γ (A∗∗),

which means that A ⊂ A∗∗, and since A∗∗ is closed, A is closable and A ⊂ A∗∗.
Let us show that in this case, in fact, A= A∗∗. Indeed, if u ∈ D(A∗∗), then

(v,A∗∗u) = (A∗v,u), v ∈ D(A∗),

or
(u,A∗v) = (A∗∗u,v), v ∈ D(A∗),

or
(Au,v) = (A∗∗u,v), v ∈ D(A∗).

Since D(A∗) = H, we obtain Au= A∗∗u on D(A∗∗). It follows that A∗∗ ⊂ A and
furthermore A∗∗ ⊂ A. Hence A= A∗∗.
This proves (2) in one direction. Let us assume now that A is closable (i.e., A
exists and is minimal among all closed extensions) but D(A∗) �= H. Then there
exists u0 �= 0 such that u0⊥D(A∗). So u0⊥D(A∗) also. Then

(u0;0)⊥(v;A∗v), v ∈ D(A∗).
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It follows that
(u0,v) = (0,A∗v),

or
(A∗v,0) = (v,u0).

In part (1) it is shown that Γ (A)⊥(−VΓ (A∗)). Then

Γ (A)⊥(−VΓ (A∗))

or
Γ (A)⊥(−VΓ (A∗))

since A exists. Since also (0;u0)⊥(−VΓ (A∗)) then (0;u0) ∈ Γ (A) i.e. 0 =
A(0) = u0 �= 0. This contradiction proves (2).

(3) Since A is closable, (1) and (2) imply

A∗ = A∗ = (A∗)∗∗ = (A)∗∗∗ = (A∗∗)∗ =
(

A
)∗
.

This completes the proof. �

Example 26.19. Consider the Hilbert space H = L2(R) and the operator

Au(x) = (u, f0)u0(x),

where u0 �≡ 0, u0 ∈ L2(R), is fixed and f0 �= 0 is an arbitrary but fixed constant. We
consider A on the domain

D(A) =
{

u ∈ L2(R) :
∫

R

| f0u(x)|dx< ∞
}

= L2(R)∩L1(R).

It is known that L2(R)∩L1(R) = L2(R). Thus A is densely defined. Let v be an
element of D(A∗). Then

(Au,v) = ((u, f0)u0,v) = (u, f0)(u0,v) =
(

u,(u0,v) f0
)

= (u,(v,u0) f0) .

It means that
A∗v= (v,u0) f0.

But (v,u0) f0 must belong to L2(R). Since (v,u0) f0 is a constant and f0 �= 0, it fol-
lows that (v,u0) must be equal to 0. Thus

u0⊥D(A∗),

which implies that
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AA∗ on the domain

D(AA∗) = { f ∈ D(A∗) : A∗ f ∈ D(A)}.

It is clear that in general,
AA∗ �= A∗A.

If equality holds here, the operator A is said to be normal.

Exercise 26.8. Let H = L2(0,1) and A := i
d
dx

.

(1) Prove that A is closed and symmetric on the domain

D(A) = { f ∈ L2(0,1) : f ′ ∈ L2(0,1), f (0) = f (1) = 0} ≡ ◦
W 1

2(0,1).

(2) Prove that A is self-adjoint on the domain

Dγ(A) =
{

f ∈ L2(0,1) : f ′ ∈ L2(0,1), f (0) = f (1)eiγ ,γ ∈ R

}

.



Chapter 27
John von Neumann’s Spectral Theorem

Definition 27.1. A bounded linear operator P on a Hilbert space H that is self-
adjoint and idempotent, i.e., P2 = P, is called an orthogonal projection operator or a
projector.

Proposition 27.2. Let P be a projector. Then

(1) ‖P‖ = 1 if P �= 0.
(2) P is a projector if and only if P⊥ := I−P is a projector.
(3) H = R(P)⊕R(P⊥), P|R(P) = I, and P|R(P⊥) = 0.
(4) There is a one-to-one correspondence between projectors on H and closed lin-

ear subspaces of H. More precisely, if M ⊂ H is a closed linear subspace, then
there exists a projector PM :H →M, and conversely, if P :H →H is a projector,
then R(P) is a closed linear subspace.

(5) If {e j}Nj=1,N ≤ ∞ is an orthonormal system, then

PNx :=
N

∑
j=1

(x,e j)e j, x ∈ H,

is a projector.

Proof. (1) Since P= P∗ and P= P2, we have P= P∗P. Hence ‖P‖ = ‖P∗P‖. But
‖P∗P‖ = ‖P‖2. Indeed,

‖P∗P‖ ≤ ‖P∗‖‖P‖ ≤ ‖P‖2

and

‖P‖2 = sup
‖x‖=1

‖Px‖2 = sup
‖x‖=1

(Px,Px)

= sup
‖x‖=1

(P∗Px,x) ≤ sup
‖x‖=1

‖P∗Px‖ = ‖P∗P‖ .
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Then M is a closed subspace of H. If we define a linear operator PM as

PMx :=
∞

∑
j=1

(x,e j)e j, x ∈ H,

then by Bessel’s inequality we obtain that PMx ∈ M and

‖PMx‖ ≤ ‖x‖ .

This means that PM is a bounded linear operator intoM. But PMe j = e j and thus
P2
Mx= PMx for all x ∈ H. Next, for all x,y ∈ H we have

(PMx,y) =

(
∞

∑
j=1

(x,e j)e j,y

)

=
∞

∑
j=1

(x,e j)(e j,y) =
∞

∑
j=1

(x,(y,e j)e j)

=

(

x,
∞

∑
j=1

(y,e j)e j

)

= (x,PMy),

i.e., P∗
M = PM . The case of finite N requires no convergence questions and is left

to the reader.
This completes the proof. �

Definition 27.3. A bounded linear operator A on a Hilbert space H is said to be
smaller than or equal to a bounded operator B on H if

(Ax,x) ≤ (Bx,x), x ∈ H.

We denote this fact by A ≤ B. The operator A is nonnegative if A ≥ 0; A is positive,
denoted by A> 0, if A ≥ c0I for some c0 > 0.

Remark 27.4. In the framework of this definition, (Ax,x) and (Bx,x) must be real
for all x ∈ H.

Proposition 27.5. For two projectors P and Q the following statements are equiv-
alent:

(1) P ≤ Q.
(2) ‖Px‖ ≤ ‖Qx‖ for all x ∈ H.
(3) R(P) ⊂ R(Q).
(4) P= PQ= QP.

Proof.(1) ⇒ (2)Follows directly from (Px,x) = (P2x,x) = (Px,Px) = ‖Px‖2.
(3) ⇒ (4)Assume R(P)⊂R(Q). ThenQPx=Px orQP=P. Conversely, ifQP=P,

then clearly R(P) ⊂ R(Q). Finally, P= QP= P∗ = (QP)∗ = P∗Q∗ = PQ.
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(2) ⇒ (4) If (4) holds, then Px = PQx and ‖Px‖ = ‖PQx‖ ≤ ‖Qx‖ for all x ∈ H.
Conversely, if ‖Px‖ ≤ ‖Qx‖, then Px= QPx+Q⊥Px implies that

‖Px‖2 = ‖QPx‖2+
∥
∥
∥Q⊥Px

∥
∥
∥
2 ≤ ‖QPx‖2 .

Hence ∥
∥
∥Q⊥Px

∥
∥
∥
2
= 0,

i.e., Q⊥Px= 0 for all x ∈ H. Hence P= QP= PQ.

This completes the proof. �

Exercise 27.1. Let {Pj}∞
j=1 be a sequence of projectors with Pj ≤ Pj+1 for each

j = 1,2, . . .. Prove that lim j→∞Pj := P exists and that P is a projector.

Definition 27.6. A linear map A : H → H with the property

‖Ax‖ = ‖x‖ , x ∈ H,

is called an isometry.

Exercise 27.2. Prove that

(1) A is an isometry if and only if A∗A= I.
(2) Every isometry A has an inverse A−1 : R(A) → H and A−1 = A∗|R(A).
(3) If A is an isometry, then AA∗ is a projector on R(A).

Definition 27.7. A surjective isometryU : H → H is called a unitary operator.

Remark 27.8. It follows that U is unitary if and only if it is surjective and U∗U =
UU∗ = I, i.e., (Ux,Uy) = (x,y) for all x,y ∈ H.

Definition 27.9. Let H be a Hilbert space. The family of operators {Eλ }∞
λ=−∞ is

called a spectral family if the following conditions are satisfied:

(1) Eλ is a projector for all λ ∈ R.
(2) Eλ ≤ Eμ for all λ < μ .
(3) {Eλ } is right continuous with respect to the strong operator topology, i.e.,

lim
s→t+

‖Esx−Etx‖ = 0

for all x ∈ H.
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For the spectral representation of self-adjoint operators one needs integrals not only
over finite intervals but also over the whole line, which is naturally defined as the
limit

∫ ∞

−∞
f (λ )d(Eλ x,y) = lim

α→−∞
β→∞

∫ β

α
f (λ )d(Eλ x,y) =

(∫ ∞

−∞
f (λ )dEλ x,y

)

if it exists. Deriving first some basic properties of the integral just defined, one can
check that

∫ ∞

−∞
f (λ )d(EλEβ x,y) =

∫ β

−∞
f (λ )d(Eλ x,y)

:= lim
α→−∞

∫ β

α
f (λ )d(Eλ x,y), x,y ∈ H.

Theorem 27.12. Let {Eλ }∞
λ=−∞ be a spectral family on a Hilbert space H and let

f be a real-valued continuous function on the line. Define

D :=
{
x ∈ H :

∫ ∞

−∞
| f (λ )|2d(Eλ x,x)< ∞

}

(or D :=
{
x ∈ H :

∫ ∞
−∞ f (λ )dEλ xexists

}
). Let us define on this domain an operator

A as

(Ax,y) =
∫ ∞

−∞
f (λ )d(Eλ x,y), x ∈ D(A) := D,y ∈ H

(or Ax=
∫ ∞
−∞ f (λ )dEλ x,x ∈ D(A)). Then A is self-adjoint and satisfies

E(α,β ]A ⊂ AE(α,β ], α < β .

Proof. It can be shown that the integral

∫ ∞

−∞
f (λ )d(Eλ x,y)

exists for x∈D and y∈H. Thus (Ax,y) is well defined. Let v be an element ofH and
let ε > 0. Then by normalization, there exist α < −R and β > R with R sufficiently
large such that

‖v−E(α,β ]v‖ =
∥
∥v−Eβ v+Eαv

∥
∥ ≤ ∥

∥(I−Eβ )v
∥
∥+‖Eαv‖ < ε.
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On the other hand,

∫ ∞

−∞
| f (λ )|2d(EλE(α,β ]v,E(α,β ]v) =

∫ ∞

−∞
| f (λ )|2d(EλE(α,β ]v,v)

=
∫ ∞

−∞
| f (λ )|2d(EλEβ v,v)−

∫ ∞

−∞
| f (λ )|2d(EλEαv,v)

=
∫ β

−∞
| f (λ )|2d(Eλ v,v)−

∫ α

−∞
| f (λ )|2d(Eλ v,v)

=
∫ β

α
| f (λ )|2d(Eλ v,v)< ∞.

These two facts mean that E(α,β ]v ∈ D and D= H. Since f (λ ) = f (λ ), it follows
that A is symmetric. Indeed,

(Ax,y) =
∫ ∞

−∞
f (λ )d(Eλ x,y) = lim

α→−∞
β→∞

∫ β

α
f (λ )d(Eλ x,y)

= lim
α→−∞
β→∞

∫ β

α
f (λ )d(x,Eλ y) = lim

α→−∞
β→∞

(
x,

∫ β

α
f (λ )dEλ y

)

=

⎛

⎝x, lim
α→−∞
β→∞

∫ β

α
f (λ )dEλ y

⎞

⎠ = (x,Ay).

In order to prove that A= A∗, it remains to show that D(A∗)⊂D(A). Let u∈D(A∗).
Then

(E(α,β ]z,A∗u) = (AE(α,β ]z,u) =
∫ β

α
f (λ )d(Eλ z,u)

for all z ∈ H. This equality implies that

(z,A∗u) = lim
α→−∞
β→∞

∫ β

α
f (λ )d(Eλ z,u) =

∫ ∞

−∞
f (λ )d(Eλ z,u)

=
∫ ∞

−∞
f (λ )d(z,Eλu) =

∫ ∞

−∞
f (λ )d(Eλu,z) = (Au,z) = (z,Au),

where the integral exists because (z,A∗u) exists. Hence u∈D(A) and A∗u= Au. For
the second claim we first calculate
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The spectral representation therefore can be written in the form

Au=
∫ M

m
μdFμu, u ∈ H.

Let us consider now an unbounded operator that is semibounded from below, i.e.,

(Au,u) ≥ m0(u,u), u ∈ D(A)

with some constant m0. We assume without loss of generality that (Au,u) ≥ (u,u).
This condition implies that A−1 exists, it is defined over all of H, and

∥
∥A−1

∥
∥ ≤ 1.

Indeed, A−1 exists and is bounded because Au = 0 if and only if u = 0. The norm
estimate follows from

(v,A−1v) ≥ ∥
∥A−1v

∥
∥2

, v ∈ D(A−1).

Since A−1 is bounded, D(A−1) is a closed subspace in H. The self-adjointness of A
means that A−1 =

(
A−1

)∗
. Therefore, A−1 is closed and D(A−1) = H, i.e., A−1 is

densely defined. Therefore, D(A−1) = H and R(A) = H. Since

0 ≤ (A−1v,v) ≤ ‖v‖2 , v ∈ H,

we may conclude in this case that m ≥ 0, M ≤ 1, and

A−1v=
∫ 1

0
μdFμv, v ∈ H,

where {Fμ} is the spectral family of A−1. Let us note that F1 = I and F0 = 0, which
follows from the spectral theorem for bounded operators and from the fact that
A−1v= 0 if and only if v= 0. Next, let us define the operator Bε , ε > 0, as

Bεu :=
∫ 1

ε

1
μ
dFμu, u ∈ D(A).

For every v ∈ H we have

BεA
−1v=

∫ 1

ε

1
μ
dFμ(A−1v) =

∫ 1

ε

1
μ
dFμ

(∫ 1

0
λdFλ v

)

=
∫ 1

ε

1
μ
d

(∫ 1

0
λd(FμFλ v)

)
=

∫ 1

ε

1
μ
d

(∫ μ

ε
λdFλ v

)
=

∫ 1

ε

1
μ

μdFμv

=
∫ 1

ε
dFμv= F1v−Fεv= v−Fεv.
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Since every spectral family is right continuous, it follows that

lim
ε→0+

BεA
−1v= v

exists. For every u ∈ D(A) we have similarly

A−1Bεu=
∫ 1

0
μdFμ(Bεu) =

∫ 1

ε
μd

(∫ μ

ε

1
λ
dFλu

)
= u−Fεu,

and hence
lim

ε→0+
A−1Bεu= u

exists. These two equalities mean that

lim
ε→0+

Bε =
(
A−1)−1

= A

exists and the spectral representation

A=
∫ 1

0

1
μ
dFμ = lim

ε→0+

∫ 1

ε

1
μ
dFμ

holds. If we define Eλ = I−F1
λ
, 1 ≤ λ < ∞, then

A= −
∫ 1

0

1
μ
dE 1

μ
=

∫ ∞

1
λdEλ .

Exercise 27.5. Prove that this {Eλ } is a spectral family which is left-continuous.

The domain D(A) can be characterized as

D(A) =
{
u ∈ H :

∫ ∞

1
λ 2d(Eλu,u)< ∞

}
=

{
u ∈ H :

∫ 1

0

1
μ2 d(Fμu,u)< ∞

}
.

This proves the theorem for self-adjoint operators that are semibounded from below.
For bounded operators we will only sketch the proof.

Step 1. If A= A∗ and A is bounded, then we can define

pN(A) := a0I+a1A+ · · ·+aNA
N , N ∈ N,

where a j ∈ R for j = 0,1, . . . ,N. Then pN(A) is also self-adjoint and bounded
with

‖pN(A)‖ ≤ sup
|t|≤‖A‖

|pN(t)|.
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Step 2. For every continuous real-valued function f on [m,M], wherem andM are
as above, we can define f (A) as an approximation by pN(A), i.e., we can prove
that for every ε > 0 there exists pN(A) such that

‖ f (A)− pN(A)‖ < ε.

Step 3. For every u,v ∈ H let us define the functional L as

L( f ) := ( f (A)u,v).

Then
|L( f )| = |( f (A)u,v)| ≤ ‖ f (A)‖‖u‖‖v‖ ,

that is, L( f ) is a bounded linear functional onC[m,M].
Step 4. (Riesz’s theorem) A continuous positive linear functional L onC[a,b] can

be represented in the form

L( f ) =
∫ b

a
f (x)dν(x),

where ν is a measure that satisfies the conditions

(1) L( f ) ≥ 0 for f ≥ 0;
(2) |L( f )| ≤ ν(K)‖ f‖K , where K ⊂ [a,b] is compact and

‖ f‖K =max
x∈K

| f (x)|.

Step 5. It follows from Step 4 that

(Au,v) =
∫ M

m
λdν(λ ;u,v).

Step 6. It is possible to prove that ν(λ ;u,v) is a self-adjoint sesquilinear form,
from which we conclude that there exists a self-adjoint and bounded operator Eλ
such that

ν(λ ;u,v) = (Eλu,v).

This operator is idempotent, and we may define Eλ ≡ 0 for λ < m and Eλ ≡ I
for λ ≥ M. Thus {Eλ }∞

λ=−∞ is the required spectral family, and the theorem is
proved. See [4] for an alternative proof of this theorem. �
Let A : H → H be a self-adjoint operator in a Hilbert space H. Then by von

Neumann’s spectral theorem we can write

Au=
∫ ∞

−∞
λdEλu, u ∈ D(A).
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For every continuous function f we can define

Df :=
{
u ∈ H :

∫ ∞

−∞
| f (λ )|2d(Eλu,u)< ∞

}
.

This set is a linear subspace ofH. For every u∈Df and v∈H let us define the linear
functional

L(v) :=
∫ ∞

−∞
f (λ )d(Eλu,v) =

(∫ ∞

−∞
f (λ )dEλu,v

)
.

This functional is continuous because it is bounded. Indeed,

|L(v)|2 ≤
∥
∥
∥
∥

∫ ∞

−∞
f (λ )dEλu

∥
∥
∥
∥

2

‖v‖2 =
∫ ∞

−∞
| f (λ )|2d(Eλu,u)‖v‖2 = c(u)‖v‖2 .

By the Riesz–Fréchet theorem this functional can be expressed in the form of an
inner product, i.e., there exists z ∈ H such that

∫ ∞

−∞
f (λ )d(Eλu,v) = (z,v), v ∈ H.

We set
z := f (A)u, u ∈ Df ,

i.e.,

( f (A)u,v) =
∫ ∞

−∞
f (λ )d(Eλu,v).

Remark 27.14. Since in general f is not real-valued, f (A) is not a self-adjoint oper-
ator in general.

Example 27.15. Consider

f (λ ) =
λ − i
λ + i

, λ ∈ R,

and a self-adjoint operator A with spectral family Eλ . Define

UA := f (A) =
∫ ∞

−∞

λ − i
λ + i

dEλ .

The operator UA is called the Cayley transform of A. Since | f (λ )| = 1, we have
Df = D(UA) = H and
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‖UAu‖2 =
∫ ∞

−∞
| f (λ )|2d(Eλu,u) = lim

α→−∞
β→∞

∫ β

α
d(Eλu,u)

= lim
α→−∞
β→∞

(
(Eβu,u)− (Eαu,u)

)
= lim

α→−∞
β→∞

(∥
∥Eβu

∥
∥2 −‖Eαu‖2

)
= ‖u‖2

by normalization of {Eλ }. Hence UA is an isometry. There is a one-to-one corre-
spondence between self-adjoint operators and their Cayley transforms. Indeed,

UA = (A− iI)(A+ iI)−1

is equivalent to {
I−UA = 2i(A+ iI)−1,

I+UA = 2A(A+ iI)−1,

or
A= i(I+UA)(I−UA)−1.

Example 27.16. Consider

f (λ ) =
1

λ − z
, λ ∈ R,z ∈ C, Imz �= 0.

Define

Rz := (A− zI)−1 =
∫ ∞

−∞

1
λ − z

dEλ .

The operator Rz is called the resolvent of A. Since

∣
∣
∣
∣

1
λ − z

∣
∣
∣
∣ ≤ 1

|Imz|

for all λ ∈ R, we have that Rz is bounded and defined on the whole of H.

Example 27.17. Suppose that K(x,y) ∈ L2(Ω ×Ω). Define an integral operator on
L2(Ω) as

A f (x) =
∫

Ω
K(x,y) f (y)dy.

Then
A∗ f (x) =

∫

Ω
K(y,x) f (y)dy

and therefore

A∗A f (x) =
∫

Ω

(∫

Ω
K(y,z)K(y,x)dy

)
f (z)dz.





Chapter 28
Spectra of Self-Adjoint Operators

Definition 28.1. Given a linear operator A on a Hilbert space H with domain D(A),
D(A) = H, the set

ρ(A) =
{
z ∈ C : (A− zI)−1 exists as a bounded operator fromH toD(A)

}

is called the resolvent set of A. Its complement

σ(A) = C\ρ(A)

is called the spectrum of A.

Theorem 28.2.

(1) If A = A then the resolvent set is open and the resolvent operator Rz :=
(A− zI)−1 is an analytic function from ρ(A) to B(H;H), the set of all linear
bounded operators in H. Furthermore, the resolvent identity

Rz −Rξ = (z−ξ )RzRξ , z,ξ ∈ ρ(A)

holds and R′
z = (Rz)2.

(2) If A= A∗ then z ∈ ρ(A) if and only if there exists Cz > 0 such that

‖(A− zI)u‖ ≥Cz ‖u‖

for all u ∈ D(A).

Proof. (1) Assume that z0 ∈ ρ(A). Then Rz0 is a bounded linear operator from H to

D(A) and thus r :=
∥
∥Rz0

∥
∥−1

> 0. Let us define for |z− z0| < r the operator

Gz0 := (z− z0)Rz0 .
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Then Gz0 is bounded with
∥
∥Gz0

∥
∥ < 1. Hence it defines the operator

(
I−Gz0

)−1 =
∞

∑
j=0

(
Gz0

) j
,

because this Neumann series converges. But for |z− z0| < r we have

A− zI = (A− z0I)(I−Gz0),

or
(A− zI)−1 = (I−Gz0)

−1Rz0 .

Hence Rz exists withD(Rz)=H and is bounded. It remains to show that R(Rz)⊂
D(A). For x ∈ H we know that

y := (A− zI)−1x ∈ H.

We claim that y ∈ D(A). Indeed,

y= (A− zI)−1x= (I−Gz0)
−1Rz0x=

∞

∑
j=0

(z− z0) j
(
Rz0

) j+1
x

= lim
n→∞

n

∑
j=0

(z− z0) j
(
Rz0

) j+1
x.

It follows from this representation that Rz = (A− zI)−1 is an analytic function
from ρ(A) to B(H;H). Next we define

snx :=
n

∑
j=0

(z− z0) j
(
Rz0

) j+1
x.

It is clear that snx ∈ D(A) and that limn→∞ snx= y. Moreover,

lim
n→∞

(A− zI)snx= x.

Writing yn := snx we conclude from the criterion for closedness that

⎧
⎪⎨

⎪⎩

yn ∈ D(A),
yn → y,

(A− zI)yn → x

⇒
{
y ∈ D(A),
x= (A− zI)y.

Hence y= (A− zI)−1x ∈ D(A), and therefore ρ(A) is open. The resolvent iden-
tity is proved by a straightforward calculation:
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Rz −Rξ = Rz(A−ξ I)Rξ −Rz(A− zI)Rξ = Rz [(A−ξ I)− (A− zI)]Rξ

= (z−ξ )RzRξ .

Finally, the limit

lim
z→ξ

Rz −Rξ

z−ξ
= lim

z→ξ
RzRξ = (Rz)2

exists, and hence R′
z = (Rz)2 exists, which proves this part.

(2) Assume that A = A∗. If z ∈ ρ(A), then by definition Rz maps from H to D(A).
Hence there exists Mz > 0 such that

‖Rzv‖ ≤ Mz ‖v‖ , v ∈ H.

Since u= Rz(A− zI)u for all u ∈ D(A), we get

‖u‖ ≤ Mz ‖(A− zI)u‖ , u ∈ D(A).

This is equivalent to

‖(A− zI)u‖ ≥ 1
Mz

‖u‖ , u ∈ D(A).

Conversely, if there exists Cz > 0 such that

‖(A− zI)u‖ ≥Cz ‖u‖ , u ∈ D(A),

then (A−zI)−1 is bounded. Since A is self-adjoint, (A−zI)−1 is defined over all
of H. Indeed, if R(A− zI) �=H, then there exists v0 �= 0 such that v0⊥R(A− zI).
This means that

(v0,(A− zI)u) = 0, u ∈ D(A),

or
(Au,v0) = (zu,v0),

or
(u,A∗v0) = (u,zv0).

Thus v0 ∈ D(A∗) and A∗v0 = zv0. Since A = A∗, it follows that v0 ∈ D(A) and
Av0 = zv0, or

(A− zI)v0 = 0.

It is easy to check that ‖(A− zI)u‖2 = ‖(A− zI)u‖2 for all u∈D(A). Therefore,

‖(A− zI)v0‖ = ‖(A− zI)v0‖ ≥Cz ‖v0‖ .
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Exercise 28.1. Consider A= d
dx defined in L2(0,1) with domain

D(A) = {u ∈W 1
2 (0,1) : u(1) = 0}.

Show that A �= A∗ and σ(A) = /0.

Exercise 28.2. [Weyl’s criterion] Let A = A∗. Prove that λ ∈ σ(A) if and only if
there exists xn ∈ D(A), ‖xn‖ = 1, such that

lim
n→∞

‖(A−λ I)xn‖ = 0.

Definition 28.4. Let us assume that A = A. The point spectrum σp(A) of A is the
set of eigenvalues of A, i.e.,

σp(A) = {λ ∈ σ(A) : N(A−λ I) �= {0}} .

This means that (A− λ I)−1 does not exist, i.e., there exists a nontrivial u ∈ D(A)
such that Au= λu. The complement σ(A)\σp(A) is called the continuous spectrum
σc(A). The discrete spectrum is the set

σd(A) =
{

λ ∈ σp(A) : dimN(A−λ I)< ∞andλ is isolated inσ(A)
}
.

The set σess (A) := σ(A)\σd(A) is called the essential spectrum of A.

In the framework of this definition, the complex plane can be divided into regions
according to

C= ρ(A)∪σ(A),

σ(A) = σp(A)∪σc(A),

and
σ(A) = σd(A)∪σess (A),

with all the unions disjoint.

Remark 28.5. If A= A∗, then

(1) λ ∈ σc(A) means that (A−λ I)−1 exists but is not bounded.
(2)

σess (A) = σc(A)
∪{eigenvalues of infinite multiplicity and their accumulation points}
∪{accumulation points ofσd(A)}.

Exercise 28.3. Let A= A∗ and λ1,λ2 ∈ σp(A). Prove that if λ1 �= λ2, then
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lim
n→∞

dn := d ≥ 0

exists. Let us choose yn ∈ R(I−Pn), ‖yn‖ = 1, such that

‖K(I−Pn)yn‖ = ‖Kyn‖ ≥ d
2
.

Then

|(yn,x)| = |((I−Pn)yn,x)| = |(yn,(I−Pn)x)| ≤ ‖yn‖‖(I−Pn)x‖ → 0

as n → ∞ for all x ∈ H. This means that yn
w→ 0. The compactness of K implies that

Kyn → 0. Thus d = 0. Therefore,

dn = ‖K−KPn‖ → 0.

Since Pn is of finite rank, so is KPn, i.e., K is a norm limit of finite-rank operators.

Lemma 28.9. Suppose A = A∗ is compact. Then at least one of the two numbers
±‖A‖ is an eigenvalue of A.

Proof. Since
‖A‖ = sup

‖x‖=1
|(Ax,x)|,

there exists a sequence xn with ‖xn‖ = 1 such that

‖A‖ = lim
n→∞

|(Axn,xn)|.

In fact, we can assume that limn→∞(Axn,xn) exists and equals, say, a. Otherwise, we
would take a subsequence of {xn}. Since A= A∗, it follows that a is real and ‖A‖ =
|a|. Due to the fact that every bounded set of a Hilbert space is weakly relatively
compact (the unit ball in our case), we can choose a subsequence of {xn}, say {xkn},
that converges weakly, i.e., xkn

w→ x. The compactness of A implies that Axkn → y.
Next we observe that

‖Axkn −axkn‖2 = ‖Axkn‖2 −2a(Axkn ,xkn)+a2 ≤ ‖A‖2 −2a(Axkn ,xkn)+a2

= 2a2 −2a(Axkn ,xkn) → 2a2 −2a2 = 0

as n → ∞. Hence
⎧
⎪⎨

⎪⎩

Axkn −axkn → 0,

Axkn → y,

xkn
w→ x

⇒
{
xkn → x,

Ax= ax.
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Proof. The null space N(I−μA) is a closed subspace ofH, since I−μA is bounded.
Indeed, for each sequence fn → f and fn − μA fn = 0 we have that f − μA f = 0,
since A is continuous.

The operator A is compact onH and therefore also compact from N(I−μA) onto
N(I− μA), since N(I− μA) is closed. Hence, for every f ∈ N(I− μA) we have

I f = (I− μA) f +μA f = μA f ,

and I is compact on N(I− μA). Thus N(I− μA) is finite-dimensional. �
Theorem 28.15 (Riesz’s lemma). If A is a compact operator on H and μ ∈C, then
R(I− μA) is closed in H.

Proof. If μ = 0, then R(I − μA) = H. If μ �= 0, then we assume without loss of
generality that μ = 1. Let f ∈ R(I−A), f �= 0. Then there exists a sequence {gn} ⊂
H such that

f = lim
n→∞

(I−A)gn.

We will prove that f ∈ R(I −A), i.e., there exists g ∈ H such that f = (I −A)g.
Since f �= 0, we can assume by the decomposition H = N(I−A)⊕N(I−A)⊥ that
gn ∈ N(I−A)⊥ and gn �= 0 for all n ∈ N.

Suppose that gn is bounded. Then there is a subsequence {gkn} such that

gkn
w→ g.

The compactness of A implies that

Agkn → h= Ag.

Next,
gkn = (I−A)gkn +Agkn → f +h.

Hence g= f +Ag, i.e., f = (I−A)g.
Suppose that gn is not bounded. Then we can assume without loss of generality

that ‖gn‖ → ∞. Let us introduce a new sequence

un :=
gn

‖gn‖ .

Since ‖un‖ = 1, there exists a subsequence ukn
w→ u. The compactness of A gives

Aukn → Au. Since (I−A)gn → f , we have

(I−A)ukn =
1

‖gkn‖
(I−A)gkn → 0.

This means again that
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T := (A− zI)−1 − (B− zI)−1

is a compact operator, then σess (A) = σess (B).

Proof. We show first that σess (A) ⊂ σess (B). Take any λ ∈ σess (A). Then there is
an orthonormal system {xn}∞

n=1 such that

‖(A−λ I)xn‖ → 0, n → ∞.

Define the sequence yn as

yn := (A− zI)xn ≡ (A−λ I)xn+(λ − z)xn.

Due to Bessel’s inequality, every orthonormal system in the Hilbert space converges
weakly to 0. Hence yn

w→ 0. We also have

‖yn‖ ≥ |λ − z|‖xn‖−‖(A−λ I)xn‖ = |λ − z|−‖(A−λ I)xn‖ >
|λ − z|

2
> 0

for all n ≥ n0 � 1. Next we take the identity

[
(B− zI)−1 − (λ − z)−1]yn = −Tyn − (λ − z)−1(A−λ I)xn.

Since T is compact and yn
w→ 0, we deduce that

[
(B− zI)−1 − (λ − z)−1]yn → 0.

Introduce
zn := (B− zI)−1yn.

Then
zn − (λ − z)−1yn → 0,

or
yn+(z−λ )zn → 0.

This fact and ‖yn‖ > |λ−z|
2 imply that ‖zn‖ ≥ |λ−z|

3 for all n ≥ n0 � 1. But

(B−λ I)zn ≡ (B− zI)zn+(z−λ )zn = yn+(z−λ )zn → 0.

Due to ‖zn‖ ≥ |λ−z|
3 > 0, the sequence {zn}∞

n=1 can be chosen as an orthonormal
system. Thus λ ∈ σess (B). This proves that σess (A) ⊂ σess (B). Finally, since −T
is compact too, we can interchange the roles of A and B and obtain the opposite
embedding. �



Chapter 29
Quadratic Forms. Friedrichs Extension.

Definition 29.1. Let D be a linear subspace of a Hilbert space H. A function Q :
D×D → C is called a quadratic form if

(1) Q(α1x1+α2x2,y) = α1Q(x1,y)+α2Q(x2,y),
(2) Q(x,β1y1+β2y2) = β1Q(x,y1)+β2Q(x,y2),

for all α1,α2,β1,β2 ∈ C and x1,x2,x,y1,y2,y ∈ D. The space D(Q) := D is called
the domain of Q. Then Q is

(1) densely defined if D(Q) = H.
(2) symmetric if Q(x,y) = Q(y,x).
(3) semibounded from below if there exists λ ∈ R such that Q(x,x) ≥ −λ ‖x‖2 for

all x ∈ D(Q).
(4) closed (and semibounded) if D(Q) is complete with respect to the norm

‖x‖Q :=
√

Q(x,x)+(λ +1)‖x‖2.

(5) bounded (continuous) if there existsM > 0 such that

|Q(x,y)| ≤ M ‖x‖‖y‖

for all x,y ∈ D(Q).

Exercise 29.1. Prove that ‖·‖Q is a norm and that

(x,y)Q := Q(x,y)+(λ +1)(x,y)

is an inner product.
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Q1(x,y) = (AFx,y), x ∈ D(AF) ⊂ HQ,y ∈ D(Q1) ≡ HQ.

Since for x,y ∈ D(A) one has

(Ax,y) = Q(x,y) = Q1(x,y) = (AFx,y),

it follows that AF is a self-adjoint extension of A.
It remains to prove that AF is the smallest nonnegative self-adjoint extension of

A. Suppose that B ≥ 0, B = B∗, is such that A ⊂ B. The associated quadratic form
QB(x,y) := (Bx,y) is an extension of Q ≡ QA. Hence

QB ⊃ Q= Q1.

This completes the proof. �



Chapter 30
Elliptic Differential Operators

Let Ω be a domain inRn, i.e., an open and connected set. We introduce the following
notation:

(1) x= (x1, . . . ,xn) ∈ Ω ;

(2) |x| =
√
x21+ · · ·+ x2n;

(3) α = (α1, . . . ,αn) is a multi-index, i.e., α j ∈ N0 ≡ N∪{0}:
(a) |α| = α1+ · · ·+αn,
(b) α ≥ β if α j ≥ β j for all j = 1,2, . . . ,n,
(c) α +β = (α1+β1, . . . ,αn+βn),
(d) α −β = (α1 −β1, . . . ,αn −βn) if α ≥ β ,
(e) xα = xα1

1 · · ·xαn
n with 00 = 1,

(f) α!= α1! · · ·αn! with 0!= 1;

(4) ∂ j = ∂
∂x j

and ∂ α = ∂ α1
1 · · ·∂ αn

n .

Definition 30.1. An elliptic partial differential operator A(x,∂ ) of order m on Ω is
an operator of the form

A(x,∂ ) = ∑
|α|≤m

aα(x)∂ α ,

where aα(x) ∈C∞(Ω), whose principal symbol

a(x,ξ ) = ∑
|α|=m

aα(x)ξ α , ξ ∈ R
n

is invertible for all x ∈ Ω and ξ ∈ R
n \ {0}, that is, a(x,ξ ) �= 0 for all x ∈ Ω and

ξ ∈ R
n \{0}.

Assumption 30.2. We assume that aα(x) are real for |α| = m.
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Therefore,

‖u‖2W 2
2
= ‖u‖2L2 +‖∇u‖2L2 +‖Δu‖2L2
≤ ‖u‖2L2 +‖u‖L2 ‖Δu‖L2 +‖Δu‖2L2
≤ 3

2
‖u‖2L2 +

3
2

‖Δu‖2L2 ≡ 3
2

‖u‖2A ,

where ‖·‖A is a norm that corresponds to the operator A= −Δ as follows:

‖u‖2A := ‖u‖2L2 +‖−Δu‖2L2 .

It is also clear that ‖u‖A ≤ ‖u‖W 2
2
. Combining these inequalities gives

√
2
3

‖u‖W 2
2

≤ ‖u‖A ≤ ‖u‖W 2
2

for all u ∈C∞
0 (Ω). A completion of C∞

0 (Ω) with respect to these norms leads us to
the statement

D(A) =
◦
W 2

2(Ω).

Thus A = −Δ on D(A) =
◦
W 2

2(Ω). Let us determine D(A∗) in this case. By the
definition of D(A∗) we have

D((−Δ)∗) =
{
v ∈ L2(Ω) : there existsv∗ ∈ L2(Ω)such that

(−Δu,v) = (u,v∗) for allu ∈C∞
0 (Ω)} .

If we assume that v ∈W 2
2 (Ω), then this is equivalent to

(u,(−Δ)∗v) = (u,v∗),

i.e., (−Δ)∗v = v∗ and D((−Δ)∗) =W 2
2 (Ω). Finally, for Ω ⊂ R

n with Ω �= R
n we

obtain that
A ⊂ A ⊂ A∗ ≡ (A)∗

and A �= A and A �= (A)∗, that is, the closure of A does not lead us to a self-adjoint
operator.

Remark 30.8. If Ω = R
n, then

◦
W 2

2(R
n) ≡W 2

2 (R
n) and therefore

A= A∗ = (A)∗.

Hence the closure of A is self-adjoint in that case, i.e., A is essentially self-adjoint.
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Consider now a bounded domain Ω ⊂ R
n and an elliptic operator A(x,∂ ) in Ω of

the form
A(x,∂ ) = ∑

|α|=|β |≤m/2

(−1)|α|∂ α(aαβ (x)∂ β ),

where aαβ (x) = aβα(x) are real. Assume that there exists C0 > 0 such that

|aαβ (x)| ≤C0, |α|, |β | < m
2

,

for all x ∈ Ω . Assume also that A(x,∂ ) is elliptic, that is,
∫

Ω
∑

|α|=|β |=m/2

aαβ (x)∂ α f∂ β fdx ≥ ν
∫

Ω
∑

|α|=m/2

|∂ α |2dx, ν > 0.

Theorem 30.11 (Gårding’s inequality). Suppose that A(x,∂ ) is as above. Then
for every ε > 0 there is Cε > 0 such that

(A f , f )L2(Ω) ≥ (ν − ε)‖ f‖2
Wm/2
2 (Ω)

−Cε ‖ f‖2L2(Ω)

for all f ∈C∞
0 (Ω).

Proof. Let f ∈C∞
0 (Ω). Then integration by parts yields

(A f , f )L2(Ω) = ∑
|α|=|β |≤m/2

(−1)|α|
∫

Ω
∂ α(aαβ (x)∂ β f ) fdx

= ∑
|α|=|β |=m/2

∫

Ω
aαβ (x)∂ α f∂ β fdx

+ ∑
|α|=|β |<m/2

∫

Ω
aαβ (x)∂ α f∂ β fdx

≥ ν ∑
|α|=m/2

∫

Ω
|∂ α f |2dx−C0 ∑

|α|=|β |<m/2

∫

Ω
|∂ α f ||∂ β f |dx

≥ ν ∑
|α|≤m/2

∫

Ω
|∂ α f |2dx− (C0+ν) ∑

|α|<m/2

∫

Ω
|∂ α f |2dx

= ν ‖ f‖2
Wm/2
2 (Ω)

− (C0+ν)‖ f‖2
Wm/2−1
2 (Ω)

.

Next we make use of the following lemma.

Lemma 30.12. For all ε > 0 and 0 < δ ≤ m/2 there is Cε(δ ) > 0 such that

(1+ |ξ |2)m/2−δ ≤ ε(1+ |ξ |2)m/2+Cε(δ )

for all ξ ∈ R
n.
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(1)

G(t+ s) f =F−1(e−(t+s)ω(ξ )F f )

=F−1(e−tω(ξ )FF−1(e−sω(ξ )F f )) = G(t)(G(s) f );

(2)

‖G(t) f‖L2 =
∥∥∥F−1(e−tω(ξ )F f )

∥∥∥
L2

=
∥∥∥e−tω(ξ )F f

∥∥∥
L2

≤ ‖F f‖L2 = ‖ f‖L2 ;

(3)

‖G(t) f − f‖L2 =
∥∥∥F−1(e−tω(ξ )F f −F f )

∥∥∥
L2

=
∥∥∥(e−tω(ξ ) −1)F f

∥∥∥
L2

→ 0

as t → 0 by the Lebesgue dominated convergence theorem. Also by this theorem
we have that

lim
t→0

G(t) f − f
t

= lim
t→0

F−1

(
e−tω(ξ ) −1

t
F f

)
= −F−1(ω(ξ )F f ) ≡ A f .

The domain of A is

D(A) = { f ∈ L2 : ‖ω(ξ )F f‖L2 < ∞}.

For example, if ω(ξ ) = |ξ |m, then A= −(−Δ)m/2 and D(A) =Wm
2 (Rn).

Example 30.21. Let A= A∗ ≥ 0. Define

G(t) := eItA ≡
∫ ∞

0
eItλdEλ .

Then

(1)

G(t+ s) =
∫ ∞

0
eI(t+s)λdEλ =

∫ ∞

0
eItλ eIsλdEλ

=
∫ ∞

0
eItλdEλ

∫ ∞

0
eIsμdEμ = G(t)G(s);

(2)

‖G(t) f‖2 =
∫ ∞

0
|eItλ |2d(Eλ f , f ) = ‖ f‖2 ;

(3)

‖G(t) f − f‖2 =
∫ ∞

0
|eItλ −1|2d(Eλ f , f ) → 0, t → 0,
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and

G(t) f − f
t

=
∫ ∞

0

eItλ −1
t

dEλ f → I
∫ ∞

0
λdEλ f ≡ IAf, t → 0,

and

lim
t→0

∥∥∥∥
G(t)− I

t
f − IAf

∥∥∥∥
H
= 0.

These examples reveal a one-to-one correspondence between the infinitesimal gen-
erators of semigroups and self-adjoint operators in Hilbert space.



Chapter 31
Spectral Functions

Let us consider a bounded domain Ω ⊂ R
n and an elliptic differential operator

A(x,∂ ) in Ω of the form

A(x,∂ ) = ∑
|α|=|β |≤m/2

(−1)|α|∂ α(aαβ (x)∂ β ),

where aαβ = aβα are real, inC∞(Ω), and bounded for all α and β . We assume that

∫
Ω

∑
|α|=|β |=m/2

aαβ (x)∂ α f∂ β fdx ≥ ν
∫

Ω
∑

|α|=m/2

|∂ α f |2dx, ν > 0.

As was proved above, there exists at least one self-adjoint extension of A with
D(A) =C∞

0 (Ω), namely, the Friedrichs extension AF with

D(AF) =
◦
Wm/2

2 (Ω)∩Wm
2 (Ω).

Let us consider an arbitrary self-adjoint extension Â of A. Without loss of generality
we assume that Â ≥ 0. Therefore, Â has the spectral representation

Â=
∫ ∞

0
λdEλ

with domain

D
(
Â
)
=

{
f ∈ L2(Ω) :

∫ ∞

0
λ 2d(Eλ f , f )< ∞

}
.

In general, we have no formula for D
(
Â
)
like that for the Friedrichs extension AF.

But we can say that
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Chapter 32
The Schrödinger Operator

There are certain physical problems that are connected with the reconstruction of
the quantum-mechanical potential in the Schrödinger operator H =−Δ +q(x). This
operator is defined in R

n. Here and throughout we assume that q is real-valued.
First of all we have to define H as a self-adjoint operator in L2(Rn). Our basic

assumption is that the potential q(x) belongs to Lp(Rn) for n
2 < p ≤ ∞ and has the

following special behavior at infinity:

|q(x)| ≤ c|x|−μ , |x| > R,

with some μ ≥ 0 and R > 0 sufficiently large. The parameter μ will be specified
later, depending on the situation. We would like to construct the self-adjoint ex-
tension of this operator by Friedrichs’s method, because formally our operator is
defined now only for smooth functions, say for functions from C∞

0 (R
n). In order to

construct such an extension let us consider the Hilbert space H1 defined as follows:

H1 = { f ∈ L2(Rn) : ∇ f (x) ∈ L2(Rn) and
∫
Rn

|q(x)|| f (x)|2dx < ∞}.

The inner product in H1 is defined by

( f ,g)H1 = (∇ f ,∇g)L2 +
∫
Rn

q(x) f (x)g(x)dx+μ0( f ,g)L2 ,

with μ0 > 0 sufficiently large and fixed.

Lemma 32.1. Assume that f ∈W 1
2 (R

n) and q∈ Lp(Rn) for n
2 < p≤ ∞, n≥ 2. Then

for every 0 < ε < 1 there exists cε > 0 such that

|(q f , f )L2 | ≤ ε‖∇ f‖2
L2(Rn) + cε ‖ f‖2

L2(Rn) .
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(1)
∥∥(H+μ0)−1g

∥∥
L2(Rn) ≤ 1

c′ ‖g‖L2(Rn) or even

(2)
∥∥(H+μ0)−1g

∥∥
W 1

2 (R
n) ≤ 1

c′′ ‖g‖W−1
2 (Rn), where W−1

2 (Rn) is the dual space of

W 1
2 (R

n).

Since (H + μ0)−1 is a bounded operator and C∞
0 (Rn) L2

= L2(Rn) and C∞
0 (Rn)

W−1
2=

W−1
2 (Rn), we can extend (H+μ0)−1 as a bounded operator onto L2(Rn) in the first

case and onto W−1
2 (Rn) in the second. The extension for the differential operator is

H+μ0 = ((H+μ0)−1)−1 and D(H+μ0) = R((H+μ0)−1) in both cases. It is also
clear that H+μ0 and (H+μ0)−1 are self-adjoint operators.

Lemma 32.5. Let us assume that q ∈ Lp(Rn) for 2 ≤ p ≤ ∞ if n = 2,3 and q ∈
Lp(Rn) for n

2 < p ≤ ∞ if n ≥ 4. Then

W 2
2 (R

n) ⊂ D(H).

Proof. Since H = −Δ +q and D(H) = { f ∈W 1
2 (R

n) : H f ∈ L2(Rn)}, it is enough
to show for the required embedding that for f ∈W 2

2 (R
n) it follows that q f ∈ L2(Rn).

If p= ∞, then ∫
Rn

|q f |2dx ≤ ‖q‖2
L∞(Rn) ‖ f‖2

L2(Rn) < ∞

for every f ∈W 2
2 (R

n), n ≥ 2.
For finite p let us consider first the case n = 2,3. Since W 2

2 (R
n) ⊂ C(Rn)∩

L∞(Rn) (Sobolev embedding), we must have

∫
Rn

|q f |2dx=
∫

|q|<A
|q f |2dx+

∫
|q|>A

|q f |2dx

≤ A2
∫

|q|<A
| f |2dx+‖ f‖2

L∞(Rn)

∫
|q|>A

|q|p|q|2−pdx

≤ A2 ‖ f‖2
L2(Rn) +C‖ f‖2

W 2
2 (R

n)A
2−p ‖q‖p

Lp(Rn) < ∞.

We will apply the following embeddings:

f ∈W 2
2 (R

4) ⊂ Lp(R4), p < ∞.

f ∈W 2
2 (R

n) ⊂ L
2n
n−4 (Rn), if n ≥ 5.

Therefore, on applying Hölder’s inequality we obtain

∫
Rn

|q f |2dx=
∫

|q|<A
|q f |2dx+

∫
|q|>A

|q f |2dx

≤ A2 ‖ f‖2
L2(Rn) +

(∫
|q|>A

|q| n2 dx

) 4
n
(∫

|q|>A
| f | 2n

n−4 dx

) n−4
n
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H0 f =
∫ ∞

0
λdEλ f .

It follows that σ(H0) ⊂ [0,+∞), but in fact, σ(H0) = [0,+∞) and even σ(H0) =
σc(H0) = σess (H0) = [0,+∞). In order to understand this fact it is enough to ob-
serve that for every λ ∈ [0,+∞) the homogeneous equation (H0 − λ )u = 0 has a

solution of the form u(x,�k) = ei(�k,x), where (�k,�k) = λ and�k ∈ R
n. These solutions

u(x,�k) are called generalized eigenfunctions, but u(x,�k) /∈ L2(Rn). These solutions
are bounded and correspond to the continuous spectrum of H0. Consequently, u(x,�k)
are not eigenfunctions, but generalized eigenfunctions. If we consider the solutions
of the equation (H0 −λ )u= 0 for λ < 0, then these solutions will be exponentially
increasing at the infinity. This implies that λ < 0 does not belong to σ(H0).

For the spectral representation of H0 we have two forms:

(1) the Neumann spectral representation

−Δ f =
∫ ∞

0
λdEλ f , f ∈W 2

2 (R
n);

(2) the scattering theory representation

−Δ f =F−1(|ξ |2 f̂ ) = (2π)−n
∫
Rn

|ξ |2ei(ξ ,x)dξ
∫
Rn

e−i(ξ ,y) f (y)dy.

Exercise 32.5. Determine the connection between these two representations.

There are some important remarks to be made about the resolvent (−Δ − z)−1

for z /∈ [0,+∞). A consequence of the spectral theorem is that

(−Δ − z)−1 =
∫ ∞

0
(λ − z)−1dEλ , z ∈ C\ [0,+∞),

and for such z the operator (−Δ − z)−1 is a bounded operator in L2(Rn). Moreover,
with respect to z /∈ [0,+∞), the operator (−Δ − z)−1 as an operator-valued function
is a holomorphic function. This fact follows immediately from

((−Δ − z)−1)′z =
∫ ∞

0
(λ − z)−2dEλ = (−Δ − z)−2.

The last integral converges as well as the previous one (even better). Now we are in
a position to formulate a theorem about the spectrum of H = −Δ +q.

Theorem 32.8. Assume that q ∈ Lp(Rn), n
2 < p ≤ ∞, n ≥ 2, and q(x) → 0 as

|x| → +∞. Then

(1) σc(H) ⊃ (0,+∞);
(2) σp(H)⊂ [−c0,0] is of finite multiplicity with its only accumulation point at {0}

with c0 such that −Δ +q ≥ −c0.





































Chapter 34
Integral Operators with Weak Singularities.
Integral Equations of the First and Second
Kinds.

Let Ω be a bounded domain in R
n. Then

A f (x) =
∫

Ω
K(x,y) f (y)dy

is an integral operator in L2(Ω) with kernel K.

Definition 34.1. An integral operator A is said to be an operator with weak singu-
larity if its kernel K(x,y) is continuous for all x,y ∈ Ω , x �= y, and there are positive
constants M and α ∈ (0,n] such that

|K(x,y)| ≤ M|x− y|α−n, x �= y.

Remark 34.2. If K(x,y) is continuous for all x,y ∈ Ω and bounded, then this integral
operator is considered also an operator with weak singularity.

If we have two integral operators A1 and A2 with kernels K1 and K2, respectively,
then we can consider their composition as follows:

(A1 ◦A2) f (x) =
∫

Ω
K1(x,y)A2 f (y)dy =

∫
Ω

K1(x,y)
(∫

Ω
K2(y,z) f (z)dz

)
dy

=
∫

Ω

(∫
Ω

K1(x,y)K2(y,z)dy

)
f (z)dz,

and analogously

(A2 ◦A1) f (x) =
∫

Ω

(∫
Ω

K2(x,y)K1(y,z)dy

)
f (z)dz,

assuming that the conditions of Fubini’s theorem are fulfilled.
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Since G(x,1) = G(x,0) = 0, this equation can be rewritten as

u(x) = ϕ̃0(x)−
∫ 1

0
K(x,y)u(y)dy,

where

ϕ̃0(x) = ϕ0(x)−
∫ 1

0
G(x,y) f (y)dy

and
K(x,y) = ∂yG(x,y)a1(y)+G(x,y)a′

1(y)−G(x,y)a2(y).

Exercise 34.3. (1) Prove that K(x,y) is a Hilbert–Schmidt kernel on [0,1]× [0,1].
(2) Prove that the boundary value problem and this integral equation of the second

kind are equivalent.
(3) Formulate the solvability condition for the boundary value problem using the

Fredholm alternative for this integral operator.



Chapter 35
Volterra and Singular Integral Equations

In this chapter we consider integral equations of special types on a finite inter-
val [a,b]. We consider the Lebesgue space L∞(a,b) and the Hölder space Cα(a,b)
(which are not Hilbert spaces but normed spaces) instead of the Hilbert space L2:
The norms of the spaces L∞(a,b) and Cα [a,b] are defined as follows:

‖ f‖L∞(a,b) = inf{M : | f (x)| ≤ M a.e. on (a,b)},

‖ f‖Cα [a,b] = ‖ f‖L∞(a,b) + sup
x,y∈[a,b]

| f (x)− f (y)|
|x− y|α ,

where 0< α ≤ 1.
The fact that f belongs to the Hölder space Cα [a,b] is equivalent to the fact that

f ∈ L∞(a,b) and there is a constant c0 > 0 such that for all h (sufficiently small),

| f (x+h)− f (x)| ≤ c0|h|α ,

where x,x+h ∈ [a,b].

Definition 35.1. Integral equations in L∞(a,b) of the form

f (x) =
∫ x

a
K(x,y)ϕ(y)dy

and

ϕ(x) = f (x)+
∫ x

a
K(x,y)ϕ(y)dy, (35.1)

where x ∈ [a,b] and supx,y∈[a,b] |K(x,y)| < ∞, are called Volterra integral equations
of the first and second kinds, respectively.
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Part IV
Partial Differential Equations



Chapter 37
Introduction

We consider the Euclidean space R
n, n ≥ 1, with elements x = (x1, . . . ,xn). The

Euclidean length of x is defined by

|x| =
√
x21+ · · ·+ x2n

and the standard inner product by

(x,y) = x1y1+ · · ·+ xnyn.

We use the Cauchy–Bunyakovsky–Schwarz inequality in R
n:

|(x,y)| ≤ |x| · |y|.

Equality here occurs if and only if x= λy for some λ ∈ R. By BR(x) and SR(x) we
denote the ball and sphere of radius R> 0 with center x:

BR(x) := {y ∈ R
n : |x− y| < R}, SR(x) := {y ∈ R

n : |x− y| = R}.

We say that Ω ⊂ R
n, n≥ 2, is an open set if for every x ∈ Ω there is R> 0 such that

BR(x) ⊂ Ω . If n= 1, by an open set we mean an open interval (a,b), a< b.
We say that Ω ⊂ R

n, n ≥ 2, is a closed set if R
n \ Ω is open. This is equivalent

to the fact that Ω ′ ⊂ Ω , where Ω ′ denotes the set of limit points of Ω , i.e.,

Ω ′ = {y ∈ R
n : ∃{x(k)}∞

k=1 ⊂ Ω , |x(k) − y| → 0,k → ∞}.

The closure Ω of the set Ω is defined as Ω = Ω ∪ Ω ′. We say that Ω is bounded
if there is R > 0 such that Ω ⊂ BR(0). A closed and bounded set in R

n is called
compact. The boundary ∂Ω of the set Ω ⊂ R

n is defined as
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∂Ω = Ω ∩
(
Rn \Ω

)
.

An n-tuple α = (α1, . . . ,αn) of nonnegative integers will be called a multi-index.
We define

(1) |α| = ∑n
j=1 α j.

(2) α +β = (α1+β1, . . . ,αn+βn) with |α +β | = |α|+ |β |.
(3) α!= α1! · · ·αn! with 0!= 1.
(4) α ≥ β if and only if α j ≥ β j for each j = 1,2, . . . ,n. Moreover, α > β if and

only if α ≥ β and there exists j0 such that α j0 > β j0 .
(5) If α ≥ β , then α −β = (α1 −β1, . . . ,αn −βn) and |α −β | = |α|− |β |.
(6) For x ∈ R

n we define
xα = xα1

1 · · ·xαn
n

with 00 = 1.

We will use the shorthand notation

∂ j =
∂

∂x j
, ∂ α = ∂ α1

1 · · ·∂ αn
n ≡ ∂ |α|

∂xα1
1 · · ·∂xαn

n
.

This part assumes that the reader is familiar also with the following concepts:

(1) The Lebesgue integral in a bounded domain Ω ⊂ R
n and in R

n.
(2) The Banach spaces (Lp, 1 ≤ p ≤ ∞,Ck) and Hilbert spaces (L2). If 1 ≤ p< ∞,

then we set

Lp(Ω) := { f : Ω → Cmeasurable : ‖ f‖Lp(Ω) :=
(∫

Ω
| f (x)|pdx

)1/p

< ∞},

while

L∞(Ω) := { f : Ω → C measurable : ‖ f‖L∞(Ω) := ess sup
x∈Ω

| f (x)| < ∞}.

Moreover,

Ck(Ω) := { f : Ω → C : ‖ f‖Ck(Ω) :=max
x∈Ω

∑
|α|≤k

|∂ α f (x)| < ∞},

where Ω is the closure of Ω . We say that f ∈ C∞(Ω) if f ∈ Ck(Ω1) for all
k ∈ N and for all bounded subsets Ω1 ⊂ Ω . The space C∞(Ω) is not a normed
space. The inner product in L2(Ω) is denoted by

( f ,g)L2(Ω) =
∫

Ω
f (x)g(x)dx.
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Also in L2(Ω), the duality pairing is given by

〈 f ,g〉L2(Ω) =
∫

Ω
f (x)g(x)dx.

(3) Hölder’s inequality: Let 1 ≤ p ≤ ∞,u ∈ Lp and v ∈ Lp′
with

1
p
+

1
p′ = 1.

Then uv ∈ L1 and

∫

Ω
|u(x)v(x)|dx ≤

(∫

Ω
|u(x)|pdx

) 1
p
(∫

Ω
|v(x)|p′

dx

) 1
p′
,

where the Hölder conjugate exponent p′ of p is obtained via

p′ =
p

p−1
,

with the understanding that p′ = ∞ if p= 1 and p′ = 1 if p= ∞.
(4) Lebesgue’s dominated convergence theorem:

Let A ⊂ R
n be measurable and let { fk}∞

k=1 be a sequence of measurable func-
tions converging to f (x) pointwise in A. If there exists a function g ∈ L1(A)
such that | fk(x)| ≤ g(x) in A, then f ∈ L1(A) and

lim
k→∞

∫

A
fk(x)dx=

∫

A
f (x)dx.

(5) Fubini’s theorem on the interchange of the order of integration:

∫

X×Y
f (x,y)dxdy=

∫

X
dx

(∫

Y
f (x,y)dy

)
=

∫

Y
dy

(∫

X
f (x,y)dx

)
,

if f ∈ L1(X ×Y ).

Exercise 37.1. Prove the generalized Leibniz formula

∂ α( f g) = ∑
β≤α

Cβ
α ∂ β f∂ α−βg,

where the generalized binomial coefficients are defined as

Cβ
α =

α!
β !(α −β )!

=Cα−β
α .
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Hypersurfaces

A set S ⊂ R
n is called a hypersurface of classCk, k = 1,2, . . . ,∞, if for every x0 ∈ S

there exist an open set V ⊂ R
n containing x0 and a real-valued function ϕ ∈Ck(V )

such that
∇ϕ ≡ (∂1ϕ, . . .∂nϕ) �= 0 on S∩V,

S∩V = {x ∈V : ϕ(x) = 0} .

By the implicit function theorem we can solve the equation ϕ(x) = 0 near x0 to
obtain

xn = ψ(x1, . . . ,xn−1)

for some Ck function ψ . A neighborhood of x0 in S can then be mapped to a piece
of the hyperplane x̃n = 0 by

x �→ (x′,xn −ψ(x′)),

where x′ = (x1, . . . ,xn−1). The vector ∇ϕ is perpendicular to S at x ∈ S∩V . The
vector ν(x), which is defined as

ν(x) := ± ∇ϕ
|∇ϕ| ,

is called the normal to S at x. It can be proved that

ν(x) = ± (∇ψ,−1)√
|∇ψ|2+1

.

If S is the boundary of a domain Ω ⊂ R
n, n ≥ 2, we always choose the orientation

so that ν(x) points out of Ω , and we define the normal derivative of u on S by

∂νu := ν ·∇u ≡ ν1
∂u
∂x1

+ · · ·+νn
∂u
∂xn

.

Thus ν and ∂νu are Ck−1 functions.

Example 37.1. Let Sr(y) = {x ∈ R
n : |x− y| = r}. Then

ν(x) =
x− y
r

and ∂ν =
1
r

n

∑
j=1

(x j − y j)
∂

∂x j
=

∂
∂ r

.
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The divergence theorem

Let Ω ⊂ R
n be a bounded domain with C1 boundary S = ∂Ω and let F be a C1

vector field on Ω . Then
∫

Ω
∇ ·Fdx=

∫

S
F ·νdσ(x).

Corollary 37.2 (Integration by parts). Let f and g be C1 functions on Ω . Then

∫

Ω
∂ j f ·gdx= −

∫

Ω
f ·∂ jgdx+

∫

S
f ·gν jdσ(x).

Let f and g be locally integrable functions on R
n, i.e., integrable on every bounded

set from R
n. The convolution f ∗g of f and g is defined by

( f ∗g)(x) =
∫

Rn
f (x− y)g(y)dy= (g∗ f )(x),

provided that the integral in question exists. The basic theorem on the existence of
convolutions is the following (Young’s inequality for convolution):

Proposition 37.3 (Young’s inequality). Let f ∈ L1(Rn) and g ∈ Lp(Rn),
1 ≤ p ≤ ∞. Then f ∗g ∈ Lp(Rn) and

‖ f ∗g‖Lp ≤ ‖ f‖L1 ‖g‖Lp .

Proof. Let p= ∞. Then

|( f ∗g)(x)| ≤
∫

Rn
| f (x− y)||g(y)|dy ≤ ‖g‖L∞

∫

Rn
| f (x− y)|dy= ‖g‖L∞ ‖ f‖L1 .

Now let 1 ≤ p< ∞. Then it follows from Hölder’s inequality and Fubini’s theorem
that

∫

Rn
|( f ∗g)(x)|pdx ≤

∫

Rn

(∫

Rn
| f (x− y)||g(y)|dy

)p

dx

≤
∫

Rn

(∫

Rn
| f (x− y)|dy

)p/p′ ∫

Rn
| f (x− y)||g(y)|pdydx

≤ ‖ f‖p/p′
L1

∫

Rn

∫

Rn
| f (x− y)||g(y)|pdydx

≤ ‖ f‖p/p′
L1

∫

Rn
|g(y)|pdy

∫

Rn
| f (x− y)|dx

= ‖ f‖p/p′
L1

‖g‖p
Lp ‖ f‖L1 = ‖ f‖p/p′+1

L1
‖g‖p

Lp .
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Thus, we have finally

‖ f ∗g‖Lp ≤ ‖ f‖1/p′+1/p
L1

‖g‖Lp = ‖ f‖L1 ‖g‖Lp ,

and the proof is complete. �

Exercise 37.2. Suppose 1≤ p,q,r ≤ ∞ and 1
p +

1
q =

1
r +1. Prove that if f ∈ Lp(Rn)

and g ∈ Lq(Rn), then f ∗g ∈ Lr(Rn) and

‖ f ∗g‖r ≤ ‖ f‖p ‖g‖q .

In particular,
‖ f ∗g‖L∞ ≤ ‖ f‖Lp ‖g‖Lp′ .

Definition 37.4. Let u ∈ L1(Rn) with

∫

Rn
u(x)dx= 1.

Then uε(x) := ε−nu(x/ε), ε > 0, is called an approximation to the identity.

Proposition 37.5. Let uε(x) be an approximation to the identity. Then for every
function ϕ ∈ L∞(Rn) that is continuous at {0} we have

lim
ε→0+

∫

Rn
uε(x)ϕ(x)dx= ϕ(0).

Proof. Since uε(x) is an approximation to the identity, we have

∫

Rn
uε(x)ϕ(x)dx−ϕ(0) =

∫

Rn
uε(x)(ϕ(x)−ϕ(0))dx,

and thus
∣∣∣∣
∫

Rn
uε(x)ϕ(x)dx−ϕ(0)

∣∣∣∣ ≤
∫

|x|≤√
ε
|uε(x)||ϕ(x)−ϕ(0)|dx

+
∫

|x|>√
ε
|uε(x)||ϕ(x)−ϕ(0)|dx

≤ sup
|x|≤√

ε
|ϕ(x)−ϕ(0)|

∫

Rn
|uε(x)|dx+2‖ϕ‖L∞

∫

|x|>√
ε
|uε(x)|dx

≤ sup
|x|≤√

ε
|ϕ(x)−ϕ(0)| · ‖u‖L1 +2‖ϕ‖L∞

∫

|y|>1/
√

ε
|u(y)|dy → 0

as ε → 0.

�
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Example 37.6. Let u(x) be defined as

u(x) =

{
sinx1
2 · · · sinxn2 , x ∈ [0,π]n,

0, x /∈ [0,π]n.

Then uε(x) is an approximation to the identity and

lim
ε→0

(2ε)−n
∫ επ

0
· · ·

∫ επ

0

n

∏
j=1

sin
x j
ε

ϕ(x)dx= ϕ(0).

Fourier transform

If f ∈ L1(Rn), its Fourier transform f̂ or F ( f ) is the bounded function on R
n

defined by

f̂ (ξ ) = (2π)−n/2
∫

Rn
e−ix·ξ f (x)dx.

Clearly f̂ (ξ ) is well defined for all ξ and
∥∥∥ f̂

∥∥∥
∞

≤ (2π)−n/2 ‖ f‖1.

The Riemann–Lebesgue lemma

If f ∈ L1(Rn), then f̂ is continuous and tends to zero at infinity.

Proof. Let us first prove that F f (ξ ) is continuous (even uniformly continuous) in
R
n. Indeed,

|F f (ξ +h)−F f (ξ )| ≤ (2π)−n/2
∫

Rn
| f (x)| · |e−i(x,h) −1|dx

≤
∫

|x||h|≤
√

|h|
| f (x)||x||h|dx+2

∫

|x||h|>
√

|h|
| f (x)|dx

≤
√

|h|‖ f‖L1 +2
∫

|x|>1/
√

|h|
| f (x)|dx → 0

as |h| → 0, since f ∈ L1(Rn).
To prove thatF f (ξ )→ 0 as |ξ | → 0 we proceed as follows. Since eiπ =−1, we

have

2F f (ξ ) = (2π)−n/2
∫

Rn
f (x)e−i(x,ξ )dx− (2π)−n/2

∫

Rn
f (x)e−i(x−πξ/|ξ |2,ξ )dx

= (2π)−n/2
∫

Rn
f (x)e−i(x,ξ )dx− (2π)−n/2

∫

Rn
f (y+πξ/|ξ |2)e−i(y,ξ )dy

= −(2π)−n/2
∫

Rn
( f (x+πξ/|ξ |2)− f (x))e−i(x,ξ )dx.
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Hence

2|F f (ξ )| ≤ (2π)−n/2
∫

Rn
| f (x+πξ/|ξ |2)− f (x)|dx

= (2π)−n/2
∥∥ f (·+πξ/|ξ |2)− f (·)∥∥L1 → 0

as |ξ | → ∞, since f ∈ L1(Rn). �

Exercise 37.3. Prove that if f ,g ∈ L1(Rn), then f̂ ∗g= (2π)n/2 f̂ ĝ.

Exercise 37.4. Suppose f ∈ L1(Rn). Prove the following:

(1) If fh(x) = f (x+h), then f̂h = eih·ξ f̂ .
(2) If T : R

n → R
n is linear and invertible, then f̂ ◦T = |detT |−1 f̂

(
(T−1)′ξ

)
,

where T ′ is the adjoint matrix.
(3) If T is a rotation, that is, T ′ = T−1 (and |detT | = 1), then f̂ ◦T = f̂ ◦T .

Exercise 37.5. Prove that

∂ α f̂ = ̂(−ix)α f , ∂̂ α f = (iξ )α f̂ .

Exercise 37.6. Prove that if f ,g ∈ L1(Rn), then

∫

Rn
f (ξ )ĝ(ξ )dξ =

∫

Rn
f̂ (ξ )g(ξ )dξ .

For f ∈ L1(Rn) we define the inverse Fourier transform of f by

F−1 f (x) = (2π)−n/2
∫

Rn
eix·ξ f (ξ )dξ .

It is clear that
F−1 f (x) =F f (−x), F−1 f =F ( f ),

and for f ,g ∈ L1(Rn),
(F f ,g)L2 = ( f ,F−1g)L2 .

The Schwartz space S(Rn) is defined as

S(Rn) =
{
f ∈C∞(Rn) : sup

x∈Rn
|xα ∂ β f (x)| < ∞, for all multi-indicesα andβ

}
.

The Fourier inversion formula

If f ∈ S(Rn), then (F−1F ) f = f .

Exercise 37.7. Prove the Fourier inversion formula for f ∈ S(Rn).
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Plancherel’s theorem

The Fourier transform on S extends uniquely to a unitary isomorphism of L2(Rn)
onto itself, i.e., ∥∥∥ f̂

∥∥∥
2
= ‖ f‖2 .

This formula is called Parseval’s equality.
The support of a function f : R

n → C, denoted by supp f , is the set

supp f = {x ∈ Rn : f (x) �= 0}.

Exercise 37.8. Prove that if f ∈ L1(Rn) has compact support, then f̂ extends to an
entire holomorphic function on C

n.

Exercise 37.9. Prove that if f ∈C∞
0 (R

n), i.e., f ∈C∞(Rn) with compact support, is
supported in {x ∈ R

n : |x| ≤ R}, then for every multi-index α we have

|(iξ )α f̂ (ξ )| ≤ (2π)−n/2eR|Imξ | ‖∂ α f‖1 ,

that is, f̂ (ξ ) is decays rapidly |Reξ | → ∞ when |Imξ | remains bounded.

Distributions

We say that ϕ j → ϕ in C∞
0 (Ω), Ω ⊂ R

n open, if ϕ j are all supported in a common
compact set K ⊂ Ω and

sup
x∈K

|∂ α ϕ j(x)−∂ α ϕ(x)| → 0, j → ∞

for all α . A distribution on Ω is a linear functional u on C∞
0 (Ω) that is continuous,

i.e.,

(1) u :C∞
0 (Ω) → C. The action of u on ϕ ∈C∞

0 (Ω) is denoted by 〈u,ϕ〉. The set
of all distributions is denoted by D ′(Ω).

(2) 〈u,c1ϕ1+ c2ϕ2〉 = c1〈u,ϕ1〉+ c2〈u,ϕ2〉.
(3) If ϕ j → ϕ inC∞

0 (Ω), then 〈u,ϕ j〉 → 〈u,ϕ〉 in C as j → ∞. This is equivalent to
the following condition: for all K ⊂ Ω there exist a constantCK and an integer
NK such that for all ϕ ∈C∞

0 (K),

|〈u,ϕ〉| ≤CK ∑
|α|≤NK

‖∂ α ϕ‖∞ .

Remark 37.7. If u∈ L1loc(Ω), Ω ⊂ R
n open, then u can be regarded as a distribution

(in that case, a regular distribution) as follows:
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Exercise 37.11. Prove that

(1) δ̂ = (2π)−n/2 ·1, 1̂= (2π)n/2δ .
(2) ∂̂ α δ = (iξ )α(2π)−n/2.
(3) x̂α = i|α|∂ α(1̂) = i|α|(2π)n/2∂ α δ .
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(1) The eikonal equation
|∇u|2 = c2,

where ∇u = (∂1u, . . . ,∂nu) is the gradient of u.
(2) (a) The heat (or evolution) equation

ut = kΔu.

(b) The wave equation
utt = c2Δu.

(c) The Poisson equation
Δu = f ,

where Δ ≡ ∇ ·∇= ∂ 2
1 + · · ·+∂ 2

n is the Laplacian (or the Laplace operator).
(3) The telegrapher’s equation

utt = c2Δu−αut −m2u.

(4) The Sine–Gordon equation

utt = c2Δu− sinu.

(5) The biharmonic equation

Δ 2u ≡ Δ(Δu) = 0.

(6) The Korteweg–de Vries equation

ut + cu ·ux +uxxx = 0.

In the linear case, a simple measure of the “strength” of a differential operator is
provided by the notion of characteristics. If L(x,∂ ) =∑|α|≤k aα(x)∂ α , then its char-
acteristic form (or principal symbol) at x ∈ Ω is the homogeneous polynomial of
degree k defined by

χL(x,ξ ) = ∑
|α|=k

aα(x)ξ α , ξ ∈ R
n.

A nonzero ξ is said to be characteristic for L at x if χL(x,ξ ) = 0, and the set of all
such ξ is called the characteristic variety of L at x, denoted by charx(L). In other
words,

charx(L) = {ξ 
= 0 : χL(x,ξ ) = 0} .

In particular, L is said to be elliptic at x if charx(L) = /0 and elliptic in Ω if it is
elliptic at every x ∈ Ω .
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Hence

u =
2(x1 − x2)

x2 −2
+1+

x1 − x2
t

− t
2

=
2(x1 − x2)

x2 −2
+1+

x2 −2
2

− x1 − x2
x2 −2

=
x1 − x2
x2 −2

+1+
x2 −2
2

=
x1 − x2
x2 −2

+
x2
2

=
2x1 −4x2+ x22

2(x2 −2)
.

Exercise 38.1. In R2, solve x21∂1u+ x22∂2u = u2 with u ≡ 1 when x2 = 2x1.

Exercise 38.2. In R2, solve u∂1u+ x2∂2u = x1 with u(x1,1) = 2x1.

Example 38.8. Consider the Burgers equation

u∂1u+∂2u = 0

in R
2 with u(x1,0) = h(x1), where h is a known C1 function. It is clear that S :={

x ∈ R
2 : x2 = 0

}
is noncharacteristic for this quasilinear equation, since

det

(
1 h(x1)
0 1

)
= 1 
= 0,

and ν(x) = (0,1). Now we have to solve the ordinary differential equations

ẋ1 = u, ẋ2 = 1, u̇ = 0,

with
(x1,x2,u)|t=0 =

(
x01,0,h(x

0
1)

)
.

We obtain
x2 = t, u ≡ h(x01), x1 = h(x01)t + x01,

so that
x1 − x2h(x01)− x01 = 0.

Let us assume that
−x2h′

1(x
0
1)−1 
= 0.

By this condition, the last equation defines an implicit function x01 = g(x1,x2).
Therefore, the solution u of the Burgers equation has the form

u(x1,x2) = h(g(x1,x2)).
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This problem is noncharacteristic on R
2, since Δ is elliptic in R

2. We look for
u(x1,x2) = u1(x1)u2(x2). Then

u′′
1u2+u′′

2u1 = 0,

which implies that
u′′
1

u1
= −u′′

2

u2
= −λ = constant.

Next, the general solutions of
u′′
1 = −λu1

and
u′′
2 = λu2

are
u1 = Asin(

√
λx1)+Bcos(

√
λx1)

and
u2 =C sinh(

√
λx2)+Dcosh(

√
λx2),

respectively. But u2(0) = 0,u′
2(0) = 1 and u1(x1) = ke−√

k sin(kx1). Thus D = 0,

B = 0, k =
√

λ , A = ke−√
k, and C = 1

k = 1√
λ
. So we finally have

u(x1,x2) = ke−√
k sin(kx1)

1
k
sinh(kx2) = e−√

k sin(kx1)sinh(kx2).

As k → +∞, the Cauchy data and their derivatives (for x2 = 0) of all orders tend
uniformly to zero, since e−√

k decays faster than polynomially. But if x2 
= 0 (more
precisely, x2 > 0), then

lim
k→+∞

e−√
k sin(kx1)sinh(kx2) = ∞,

if we choose, for example, x2 = 1 and x(k)1 = π/(2k)+ 2π . Hence u(x1,x2) is not
bounded. But the solution of the original problem that corresponds to the limiting
case k = ∞ is of course u ≡ 0, since u(x1,0) = 0 and ∂2u(x1,0) = 0 in the limiting
case. Hence the solution of the Cauchy problem may not depend continuously on
the Cauchy data. This means by Hadamard that the Cauchy problem for elliptic
operators is “ill-posed,” even when this problem is noncharacteristic.

Remark 38.14. This example of Hadamard’s shows that the solution of the Cauchy
problem may not depend continuously on the Cauchy data. By the terminology of
Hadamard, “the Cauchy problem for the Laplacian is not well posed, but it is ill
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(3) n �= 2,4:
|x|4−n

2(4−n)(2−n)ωn
.

Exercise 39.14. Show that (4π|x|)−1e−c|x| is the fundamental solution for −Δ +c2

on R
3 for an arbitrary constant c ∈ C.
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= sup
x∈Rn

(∫
|z|<R

|g(x− tz)−g(x)||P1(z)|dz

+
∫

|z|≥R
|g(x− tz)−g(x)||P1(z)|dz

)

≤ sup
x∈Rn,|z|<R

|g(x− tz)−g(x)|+2‖g‖∞

∫
|z|≥R

|P1(z)|dz < ε

for t sufficiently small.
The first term in the sum on the last line can be made less than ε/2, since g is

uniformly continuous on Rn. The second term can be made less than ε/2 for R large
enough, since P1 ∈ L1(Rn). Thus, the theorem is proved. �

Remark 40.8. The solution of this problem is not unique: if u(x, t) is a solution,
then so is u(x, t)+ ct for all c ∈ C. However, we have the following theorem.

Theorem 40.9. If g ∈ C(Rn) and limx→∞ g(x) = 0, then u(x, t) := (g ∗ Pt)(x) → 0
as (x, t) → ∞ in R

n+1
+ , and it is the unique solution with this property.

Proof. Assume for the moment that g has compact support, say g = 0 for |x| > R.
Then g ∈ L1(Rn) and

‖g∗Pt‖∞ ≤ ‖g‖1 ‖Pt‖∞ ≤ ct−n,

so u(x, t) → 0 as t → ∞ uniformly in x. On the other hand, if 0< t ≤ T , then

|u(x, t)| ≤ ‖g‖1 sup
|y|<R

|Pt(x− y)| = ‖g‖1 sup
|y|<R

2t

ωn+1(|x− y|2+ t2)
n+1
2

≤ cT |x|−n−1,

for |x| > 2R. Hence u(x, t) → 0 as x → ∞ uniformly for t ∈ [0,T ]. This proves that
u(x, t) vanishes at infinity if g(x) has compact support. For general g, choose a se-
quence {gk} of compactly supported functions that converges uniformly (in L∞(Rn))
to g and let

uk(x, t) = (gk ∗Pt)(x).

Then

‖uk −u‖L∞(Rn+1) = sup
t,x

∣∣∣∣
∫
Rn
(gk −g)(y)Pt(x− y)dy

∣∣∣∣
≤ sup

t

(
‖gk −g‖L∞(Rn) sup

x

∫
Rn

|Pt(x− y)|dy

)

= ‖gk −g‖L∞(Rn) sup
t>0

∫
Rn

|Pt(y)|dy = ‖gk −g‖L∞(Rn) → 0

as k → ∞.













Chapter 41
Layer Potentials

In this chapter we assume that Ω ⊂ R
n, n≥ 2 is bounded and open, and that S= ∂Ω

is a surface of classC2. We assume also that both Ω and Ω ′ :=R
n\Ω are connected.

Definition 41.1. Let ν(x) be a normal vector to S at x. Then

∂ν−u(x) := lim
t→0−

ν(x) ·∇u(x+ tν(x)),

∂ν+u(x) := lim
t→0+

ν(x) ·∇u(x+ tν(x)),

are called the interior and exterior normal derivatives, respectively, of u.

The interior Dirichlet problem (ID)

Given f ∈C(S), find u ∈C2(Ω)∩C(Ω) such that Δu= 0 in Ω and u= f on S.

The exterior Dirichlet problem (ED)

Given f ∈C(S), find u ∈C2(Ω ′)∩C(Ω ′) such that Δu= 0 in Ω ′ and at infinity and
u= f on S.

Definition 41.2. A function u is said to be harmonic at infinity if

|x|2−nu

(
x

|x|2
)
=

{
o(|x|2−n), n �= 2

o(log |x|) , n= 2

as x → 0.

Remark 41.3. This definition implies the following behaviour of u at infinity

u(y) =

{
o(1), n �= 2

o(log |y|), n= 2

as y → ∞.
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∥∥∥Î f
∥∥∥
L∞(S)

≤ c‖ f‖L∞(S)

∫ d

0
rn−2−αdr = c′ ‖ f‖L∞(S) .

For 1< p< ∞ part (1) follows now by interpolation.
For part (2), let ε > 0 and set

Iε(x,y) =

{
I(x,y), |x− y| > ε,
0, |x− y| ≤ ε.

Since Iε is bounded on S× S, it follows that Îε is a Hilbert–Schmidt operator in
L2(S), so that Îε is compact for each ε > 0.

Exercise 41.3. Prove that a Hilbert–Schmidt operator, i.e., an integral operator
whose kernel I(x,y) satisfies

∫
S

∫
S
|I(x,y)|2dxdy< ∞,

is compact in L2(S).

On the other hand, due to estimates for convolution,

∥∥∥Î f − Îε f
∥∥∥
L2(S)

≤ c

(∫
|x−y|<ε

(∫
| f (y)||x− y|−αdσ(y)

)2

dσ(x)

)1/2

≤ c‖ f‖L2(S)
∫ ε

0
rn−2−αdr → 0, ε → 0.

Thus, Î as the limit of Îε is also compact in L2(S). �
Lemma 41.11.

(1) If I is a continuous kernel of order α , 0≤ α < n−1, then Î transforms bounded
functions into continuous functions.

(2) If Î is as in part (1), then u+ Îu ∈C(S) for u ∈ L2(S) implies u ∈C(S).

Proof. Let |x− y| < δ . Then

|Î f (x)− Î f (y)| ≤
∫
S
|I(x,z)− I(y,z)|| f (z)|dσ(z)

≤
∫

|x−z|<2δ
(|I(x,z)|+ |I(y,z)|) | f (z)|dσ(z)

+
∫
S\{|x−z|<2δ}

|I(x,z)− I(y,z)|| f (z)|dσ(z)

≤ c‖ f‖∞

∫
|x−z|<2δ

(|x− z|−α + |y− z|−α)
dσ(z)

+
∫
S\{|x−z|<2δ}

|I(x,z)− I(y,z)|| f (z)|dσ(z) =: I1+ I2.
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if and only if A(λ1u1+λ2u2) = λ1Au1+λ2Au2. The boundedness follows from

‖Au‖2 = (Au,Au) = a(u,Au) ≤ M ‖u‖‖Au‖ ,

which implies ‖Au‖ ≤ M ‖u‖. Let us note that a(u,Au) is real and positive here.
Next we show that A is one-to-one and that the range of A is equal to H. Indeed,

β ‖u‖2 ≤ |a(u,u)| = |(Au,u)| ≤ ‖Au‖‖u‖

implies that β ‖u‖ ≤ ‖Au‖ ≤M ‖u‖. The first inequality implies that A is one-to-one
and R(A) = R(A). Now we will show that in fact, R(A) = H. Let w ∈ R(A)⊥. Then

β ‖w‖2 ≤ |a(w,w)| = |(Aw,w)| = 0,

and therefore w = 0, i.e., R(A) = H = R(A). Next, again due to the Riesz–Fréchet
theorem for F we have that there is a unique w̃ ∈ H such that

F(v) = (w̃,v), v ∈ H,

and ‖w̃‖ = ‖F‖H→C
. But since R(A) = H, we may find u ∈ H such that Au = w̃ if

and only if
a(u,v) = (Au,v) = (w̃,v) = F(v),

which proves the solvability in this theorem. Furthermore,

‖u‖ ≤ 1
β

‖Au‖ =
1
β

‖w̃‖ =
1
β

‖F‖ .

Finally, we need to show that this element u is unique. If there are two elements u1
and u2 such that

a(u1,v) = F(v), a(u2,v) = F(v),

then a(u1 −u2,v) = 0 for all v ∈ H, and therefore

β ‖u1 −u2‖2 ≤ |a(u1 −u2,u1 −u2)| = 0.

This completes the proof. �

Remark 42.10. The Lax–Milgram theorem actually says that the operator A that
was constructed there has a bounded inverse such that

∥∥A−1
∥∥
H→H ≤ 1

β
,

where β is the same as in condition (2).














